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Abstract: The authors have examined a large number of mathematical articles that deal with the expansion of the
convexity technique and its various strategies, and focusing on it, they have determine the connection that
can be developed among fractional trapezium type inequalities for generalized convex function. The authors
advance this direction by examining the Hermite-Hadamard inequality by using h-preinvex functions.
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1. Introduction

The theory of convexity has evolved even more in recent years as a result of its broad application in various
fields of science, as illustrated in the following references ((Grinalatt, & Linnainmaa, 2011) [5], Nicolescu &
peerson, 2006) [11], (PecariA “c, Proschan & Tong, 1992) [14], (Ruel & Ayres, 1999) [15]. Generalized con-
vexity and its application like h-convexity, n-convexity, (s,m)-convexity and others, are discuss in the following
references(Hernandez Hernandez & Vivas-Cortez, 2019) [6], (Liu, Wen & Park, 2016) [10], (Noor, 2006) [12],
(Vivas-Cortez, 2016) [17], ( Vivas, Hernandez Hernandez & Merentes, 2016) [16]. Let f : p C R — R is a convex

function and u,v € I with u < v.
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The above inequality, Hermite-Hadamard inequality is one of the most important inequality for convex function.
This inequality has large applicability in the domain of stats and probability (Pecari’c, Proschan & Tong, 1992) [14]
also include domain of functional analysis (Nicolescu & Peerson, 2006) [11]. In current years various analyst have
investigated under the field of modern version in the advancement of the understanding of convex function. As
represented in the following references (Aslani, Delavar, & Vaezpour, 2018) [1], (Chen & Wu , 2016) [2],(Delavar
& De La Sen , 2016) [4], (kashuri & Liko, 2019) [9], (Omotoyinbo& Mogbademu, 2014) [13], (Xi & Qi, 2012) [18]).
Further the extent progress of the method of convex function has been linked in the area of integral inequalities
represent in the following paper(Vivas, Hernandez Hernandez & Merentes, 2016) [16], (Vivas-Cortez, 2016) [17].
Influenced by the valuable work stated above, we modified the following work by examining the Hermite-Hadamard

inequality using h-preinvex function.

2. Preliminaries

We identify the following definition linked with the h pre-invex .

Definition 2.1.
If the given inequality true for the set kK C R™ and u,v € K then a function f is known as h pre-invex

flutsn(v,u)) <h(1—s)f(u) + h(s)f(v)

where n(u,v) : kxk — R and s € (0,1) and h # 0 be a non negative function h: [0,1] = R .

Remark 2.1.
We obtain definition of classical convex function by putting h(s)=s and n(v,u) = v — u in definition 1.

Definition 2.2.
(Kermausuor & Nwaeze, 2020) [8] The fractional integrals of order o > 0 of f on the left- and right- sides of
Riemann-Liouville are denoted as

1

I = s [T 9 s> ¢

and

d
wJg— f(u) = m/ (s —u)® ' f(s)ds,u < d

T'x is the k-gamma function presented by
o sk
Tg(u) ::/ 5" 'e * ds, Re(u) > 0
0
where k > 0, with the properties that I'x(u 4+ k) = ul'k(u), [k (k) = 1 and T'1 (u) = T'(u).

Definition 2.3.
Let [c,d] C R be a finite interval. The katugampola fractional integrals of order o > 0 of f € X£(a,b) on the left-
and right-sides are therefore denoted by

-« u p—1
1S 0) = b | gy F(9)ds



M. Muddassar, F. Bibi

plfoz d Sp71

pro _

1) = b | e s
with ¢ < u < d ,p > 0, if the integrals exist.

Remark 2.2.
Let a > 0 and p > 0. Then for u > ¢

Fl)i_)Hﬁ PIC f(u) = J24 f(u)

The same is true for right-handed operators.

Definition 2.4.
Let kK C R™ be the set and u,v € K then a function f is said to be (¢, h) pre-invex if

flu+€e” (n(v,u)) < h(l =€) f(u) + h(€) f(v)

where n(u,v) : k+k — R and s € (0,1) and h # 0 be a non negative function h : [0,1] - R .

Remark 2.3.
If we take h(£) = € and n(v,u) = v — u in Definition 4 then we get ¥ convex function.

Theorem 2.1.
Let > 0 and let f : [c,d] = R be a positive function with 0 < ¢ < d and f € Llc,d].If f is a convex function on
[c,d], then the given inequality true:

c+d
2

fle) + f(d)
2

) < IMNa+1)

< G g Ve F(@) + T f(0)] <

I(

3. Main Results

In this section, we generalize the results of (Jleli, O’'Regan & Samet, 2016) [7]. Let f : [c,c + n(d,c)] = R be a
given function, where 0 < ¢ < c+17(d, c) < co. We define F'(z)=f(x)+f(2c+n(d,c) — ). Then it is easy to show
that if f(z) is convex on [c,c¢ + n(d,c)], Fz) is also convex. The function F has several interesting properties,

especially,
1. F(x) is symmetric to (2¢ + n(d,c))/2
2. F(c) = F(c+n(d,c)) = f(c) + fle+n(d,c))
3. F(2Hgac) — of(2ctyldl)

Theorem 3.1.
If f is a convex function on [c,c+n(d,c)] and f € Llc,c+n(d,c)]. Then F(x) is also integrable, and the following
inequalities hold

2¢ + n(d, c)
2

T'(a+1)
[n(d, c)r]*

P18, F(e+1(dy ) + “IE gy - F(O)]] < F(c) + F(c+n(d,c))

F( < 5

)<t 2

with o > 0 and p > 0.

65



66

A Short note on the fractional trapezium type integral inequalities

Proof.  Since f(z) is a convex function on [c,d], we have for z,y € [c, d]

f(w;y) < f(x);rf(y)

Set x = c+ sn(d,c) and y = ¢+ (1 — s)n(d, ¢) then

21 MDD < e sm(d,e)) + Flet (1 - s)nd, o)
Using the notation of F(x), we have
Py < piet (1 sy, 0) 3)

Multiplying both side of (3.3) by

(c+ (1= s)n(d, )"

e+ (d )7 — e+ (1 s)n(d T @
integrating the resulting inequality with respect to s over [0,1], we get
2 4 (d,c), In(d,e))" _ [ (e + (1~ s)n(d, )" O,
PE R L < ), e G0 - R e (= o)
) -1
A o e O
= K P12 P+ d.o)
PR < ot e i Pl atd.0) )
Similarly multiplying both sides of (3.3) by
[e+ (1 —s)n(d, 0)""
e+ (L= sya(d )7 — erJie ©
integrating the resulting inequality over [0,1], we get
PGy < O D () ")
By adding (3.5) and (3.7), we obtain
PRy < L0 IR P (et 0(d,6) + "y F(O) (®)

The first inequality of (3.2) is proved.
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For the second part, since f is convex function, then for ¢ € [0, 1], we have

fletsn(d,c)) + fle+ (1 =s)n(d, ) < f(c) + f(c+n(d, c))

Using the notation of F'(x), we then have

Fle+ (1 - s)n(d, ) < FOTEET0E) )

Multiplying both sides of (3.9) by factor (3.4) and integrating the resulting inequality over [0,1], with respect to

s, we get

D@0 o s - 0] F(e) + Flet (o)
n(d,q) | et nld ol < on ) 2
D(a 4 1)p° () + Fle +n(d,0))

(I F(c+n(d, c))] < (10)

[n(d, c)r]> 2

Similarly multiplying both sides of (3.9) by factor (3.6) and integrating the resulting inequality over [0,1], with
respect to s, we get
I+ 1)p

[n(d, c)r]™ [*Iietn(a,en-F(e)] <

Adding (3.10) and (3.11), we get

F(c) 4+ F(c+n(d,c)) (11)
2

F(Oé + 1){7& p o o F(C) + F(C 4 ﬁ(d, C))

I3 F T F <

2[n(d, c)]e ("I F (e +n(d, €)) + " Lesn(a,en-F(0)] < 5

The proof is complete. -

Remark 3.1.
Theorem 2 is a generalization of Hermite-Hadamard inequality. Putting p — 1 in (3.2)

1 etn(d,c) - B
T'(a) / [(c+n(d,c)) —u]*" F(u)du =

Jca+f(c + n(d7 C)) + J&-H](d,c))—f(c)

1. PI& F(c+n(dc)) =

o ra 1 c+n(d,c) o1
2. "Ietp@aep-Fle) = @/ [u—c* F(u)du =

J(Oé-&-n(d,c))—f(c) + ngLf(c + U(d7 C))

We get the Riemann-Liouville form of Hermite-Hadamard inequality of Theorem 1.

In order to prove Theorem 3, we need the following lemma.
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Lemma 3.1.
Let f : [c,c+n(d,c)] — R be a differentiable mapping on (c,c+n(d,c)) with ¢ < c+n(d,c). If f' € Llc,c+n(d,c)],
then F is also differentiable and F' € Lic,c + n(d, c)], and the following equality holds:

()+F(c+7l(dc)) F(a—i—l)a
2[n(d, c)r]*

/ K(s)F'(c+ (1 — s)n(d, ¢))ds (12)

[PIE F(c+n(d,c)) +  Iieqna.cp-F(c)] =

2[17

with & > 0 and p > 0. Where K(s) = [(c+ (1 — s)n(d, c))” — 1% = [(c+n(d, ¢))? — (c+ (1 — s)n(d, c))?]".
Proof.

I—/ K(s + (1 —s)n(d,c))ds

- /0 [(c+ (1= s)n(d, )" = ’|"F'(c+ (1 = s)n(d, c))ds —

/0 [(c+n(d, )" = (c+ (1 = 5)n(d, ))"]* F'(c + (1 = s)n(d, ))ds

=1L +1

Integrating by parts, we get

L= / e+ (1= s)n(d, &)’ — 1" F (e + (1 - s)n(d, c))ds

1 ct+n(d,c) o
= m/ [up — Cp] dF(u)

_ (W =) F (1) ctnd,e) __ap crnlde) 711”)_1 u)du
= (W =) F(u), ; / ( F(u)d

W(d> C) ¢ n(d,c uP — cp)lfa
B %F(C lde)) - %”@nw,c»fﬂ@] (13)

Similarly
I=— / e+ 1(d, )" — (e + (1 — 8)n(d, )] F(c + (1 — s)n(d, ©))ds

(n(d, c)*)* D(a+1)p% ) a
= F(c) — PIZ F(c+n(d,c 14
Adding (3.13) and (3.14), we get
(n(d,c)")" Lla+1)p" pa o
1=%9 ) p F _ &P ere g T F
n(d, C) [ (C) + (C + U(d7 C))] T](d, C) [ c+ (C + U(d7 C))] + (c+n(d,c))— (C)]
Then, multiplying both sides by 72(7] v cjp)a we obtain equality (3.12). O

We are now ready to prove the following Hermite-Hadamard type inequality.
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Theorem 3.2.

Let f: [c,c+n(d,c)] — R be a differentiable mapping on (c,c+n(d,c)) with a < b and f' € L{c,c+n(d,c)]. Then
F is also differentiable and F' € Llc,c+n(d,c)]. If |f'| is convez on [c,c + n(d,c)], then the following inequality
holds:

F(e)+ F(ce d,c o+ 1)p% 0 - B
(c) + (2+77( ) _ 2[(77(;,—13)):])&[ I8 Fe+n(d, ¢) +  Isn(aen—F(e)] =

7n(d,c) ' s)ds "(¢ ! c
s [ Kl @) + 1 () (15)

with o > 0 and p > 0. Where K(s) = [(c+ (1 — s)n(d, c))” — 1% — [(c+n(d, c))? — (c+ (1 — s)n(d, ¢))’]“.

Proof.  Notice that F’(x)=f"(x)-f'(c + ¢ + n(d, c) — x). By the convexity of |f’|, we have

F'(c+ (1= s)n(d,c)) = f'((c+ (1= s)n(d,c)) = f'(c + sn(d, c))

< IF @I+ (= s)If (n(d, )| + | ()] + s (n(d, <))
=2/f(9)[ + 1 (n(d, 0))| (16)
By inequalities (3.12) and (3.16) we get

[FFetn(d o) Tt Do ora oy, e) + 2180w FE) <

2 2[n(d, c)7]*
s 1 8)||F'(c -5 c))|ds
2[n(d7c)ﬂ]aA |K(s)||F'(c+ (1 — s)n(d,c))|d
: %/0 K (s)lds (2| ()] + 11 (n(d, 0))])
This complete the proof. .

4. Concluding Remarks

Here we determine major results related to Hermite-Hadamard inequality using h pre-invexity. A couple of results
in the previous research paper are special cases of few of our results. The modified integral inequalities give a

more precise approximation than some of the preceding ones.
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