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1. Introduction

Inequalities have been proved to be an applicable tool for the development of many branches of Mathematics.

From the past few decades, its importance has been increased noticeably and it is now treated as an independent

branch of Mathematics. Uptill now a vast number of research papers and books have been devoted to inequalities.

A. M. Ostrowski (1893-1986) in 1938, gave a helpful and vital integral inequality known as Ostrowski’s inequality

[22].

M. W. Alomari [1]-[4] worked on generlizations of Ostrowski’s type inequalities. S. I. Butt [6] gave the Jensen-

Grüss inequality and its applications. S. S. Dragomir et.al [9] and [10] presented inequality of Ostrowski type for

||.||
1

and applications of Ostrowski’s inequality to numerical quadrature rules and special means. A. Qayyum et.al
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[25] gave new inequalities of Ostrowski’s type. P. Cerone et.al [7] and [8] pointed out an inequality of Ostrowski’s

type for L∞ (a, b) , L1 (a, b) and Lp (a, b) . A. Qayyum et.al [23] and [24] offered Ostrowski’ s type inequalities

which were the generalization of the inequalities given in [5]. Different researchers [11]-[21] worked on refinement

of Ostrowski’s type inequalities and its applications. From the above work, we develop new gernalized inequalities

for different norms e.g || g′′||∞ , || g
′′||1 and || g′′||p . In the end, we give applications for some special means and

in numerical integration.

2. Results and Discussion

Theorem 2.1.
Let g : [a, ċ]→ R be continuous on [a, ċ] and twice differentiable mapping on (a, ċ). Then∣∣∣∣(1− 2h

ķ

)[
g(x)−

(
x− a+ ċ

2

)
g′(x)

]

+
h

ķ

[
(g(a) + g (ċ))− h(ċ− a)

2ķ

(
g′(ċ)− g′(a)

)]
− 1

ċ− a

ċ∫
a

g(t)dt

∣∣∣∣∣∣

≤



[
3
(

1− 2h
ķ

)2

+ 1

]
(ċ−a)

2

24
|| g′′||

∞
if g′′ ∈ L∞ (a, ċ)

ċ−a
2

(
1− 2h

ķ

)2

|| g′′||1 if g′′ ∈ L1 (a, ċ)

(ċ−a)
1+ 1

q

2(2q+1)

1
q

[(
1− 2h

ķ

)2q+1

+ 2
(

h
ķ

)2q+1] 1
q

|| g′′||p if g′′ ∈ Lp (a, ċ)

(1)

holds for all x ∈
[
a+ h ċ − a

ķ
, ċ− h ċ − a

ķ

]
, where 1

p
+ 1

q
= 1 and h ∈ [0, 1] , ķ= 1, 2, 3, ..., n.

Proof. Define K (. ,. ) : [a, ċ]
2

→ R such that

K (x, t) =


α
[
t−

(
a+ h. ċ − a

ķ

)]2

, if t ∈ [a, x]

α
[
t−

(
ċ− h. ċ − a

ķ

)]2

, if t ∈ (x, ċ]

(2)

By using (2) and after some calculations, we get the following identity:

ċ∫
a

g(t)dt

= (ċ− a)(1− 2h

ķ
)

[
g (x)−

(
x− a+ ċ

2

)
g′ (x)

]
+
h (ċ− a)

ķ

[
(g (a) + g (ċ))− h(ċ− a)

2ķ

(
g′(ċ)− g′(a)

)]

+
1

2α

ċ∫
a

K (x, t) g′′ (t) dt. (3)
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We can write (3) as

∣∣∣∣(1− 2h

ķ

)[
g(x)−

(
x− a+ ċ

2

)
g′(x)

]

+
h

ķ

[
(g(a) + g (ċ)) − h(ċ− a)

2ķ

(
g′(ċ)− g′(a)

)]
− 1

ċ− a

ċ∫
a

g(t)dt

∣∣∣∣∣∣
≤ 1

2α(ċ− a)

 ċ∫
a

|K (x, t)| dt

∣∣∣∣ g′′∣∣∣∣
∞

(4)

where

ċ∫
a

|K (x, t)| dt

= 2α (ċ− a)

(1− 2h

ķ

)
(

1− 2h
ķ

)2

(ċ− a)
2

24

+
1

2

(
x− a+ ċ

2

)2}
+
h

3

(ċ− a)
2

3ķ
3

]
. (5)

Using (5) in (4), we can find the first inequality in (1).

By using (2) and (3), we get

∣∣∣∣(1− 2h

ķ

)[
g(x)−

(
x− a+ ċ

2

)
g′(x)

]

+
h

ķ

[
(g(a) + g (ċ)) − h(ċ− a)

2ķ

(
g′(ċ)− g′(a)

)]
− 1

ċ− a

ċ∫
a

g(t)dt

∣∣∣∣∣∣
≤ 1

2(ċ− a)
max

{[
x−

(
a+ h.

ċ− a
ķ

)]2

,

[(
ċ− h. ċ− a

ķ

)
− x
]2}∣∣∣∣ g′′∣∣∣∣

1
.

After simplification, we get second inequality in (1).

Again using (2) and (3), we get

∣∣∣∣(1− 2h

ķ

)[
g(x)−

(
x− a+ ċ

2

)
g′(x)

]

+
h

ķ

[
(g(a) + g (ċ)) − h(ċ− a)

2ķ

(
g′(ċ)− g′(a)

)]
− 1

ċ− a

ċ∫
a

g(t)dt

∣∣∣∣∣∣
≤ 1

2α(ċ− a)

 ċ∫
a

K
q

(x, t) dt


1
q ∣∣∣∣ g′′∣∣∣∣

p
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where

ċ∫
a

K
q

(x, t) dt

≤ α
q

2q + 1
(ċ− a)

2q+1

[(
1− 2h

ķ

)2q+1

+ 2

(
h

ķ

)2q+1]
.

After simplification, we get third inequality in (1).

Hence proved our main result (1).

Remark 2.1.
For h = 0 in (1), we obtain the result obtained by Barnett et.al [5], P. Cerone et.al in [7] and [8], and for ķ= 2

in (1), we get the result obtained by A. Qayyum et.al in [23] and [24] which indicates special cases. Hence for
different values of h and ķ, we can get variety of results.

3. Application for Some Special Means

Remark 3.1.
Consider g : (0,∞)→ R such that

g (x) = x
r

, r ∈ R\ {−1, 0}

then

1

ċ− a

ċ∫
a

g (x) dx = L
r

r
(a, ċ) ,

g (a) + g (ċ) = 2A
(
a
r

, ċ
r
)
,

g′ (ċ)− g′ (a) = r (r − 1) (ċ− a)L
r −2

r −2
(a, ċ)

∣∣∣∣ g′′∣∣∣∣
∞

= |r (r − 1)| δr (a, ċ)

where

δr (a, ċ) =


ċ
r −2

if r ∈ (2,∞)

a
r −2

if r ∈ (−∞, 2) \ {−1, 0}

So, (1) gives

∣∣∣∣(1− 2h

ķ

)[
xr − r (x−A)xr−1]

+
2h

ķ

[
A (ar, ċr)− hr (r − 1) (ċ− a)

2

4ķ
L

r −2

r −2

]
− L

r

r

∣∣∣∣∣
≤ |r (r − 1)| (ċ− a)

2

24

[
3

(
1− 2h

ķ

)2

+ 1

]
δr (a, ċ) (6)
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Choosing x = A (a, ċ) in (6), we get

∣∣∣∣∣
(

1− 2h

ķ

)
Ar +

2h

ķ

[
A (ar, ċr)− hr (r − 1) (ċ− a)

2

4ķ
L

r −2

r −2

]
− L

r

r

∣∣∣∣∣
≤ |r (r − 1)| (ċ− a)

2

24

[
3

(
2h

ķ
− 1

2

)2

+
1

4

]
δr (a, ċ)

Remark 3.2.
Consider g : (0,∞)→ R such that

g (x) =
1

x
, x ∈

[
a+ h.

ċ− a
ķ

, ċ− h. ċ− a
ķ

]
⊂ (0,∞)

then

1

ċ− a

ċ∫
a

g (x) dx = L
−1

(a, ċ)

g (a) + g (ċ) =
2

H (a, ċ)
=

2A (a, ċ)

G2 (a, ċ)

g′ (ċ)− g′ (a) =
2 (ċ− a)

H (a, ċ)G2 (a, ċ)
=

2 (ċ− a)A (a, ċ)

G4 (a, ċ)

∣∣∣∣ g′′∣∣∣∣
∞

=
2

a3

So, (1) gives

∣∣∣∣∣
(

1− 2h

ķ

)[
2− A

x

]
1

x
+

2hA

ķG2

[
1− h(ċ− a)

2

2ķG2

]
− L

−1

∣∣∣∣∣
≤ (ċ− a)

2

12a3

[
3

(
1− 2h

ķ

)2

+ 1

]
(7)

Choosing x = A (a, ċ) in (7) , we get

∣∣∣∣∣
(

1− 2h

ķ

)
1

A
+

2hA

ķG2

[
1− h(ċ− a)

2

2ķG2

]
− L

−1

∣∣∣∣∣
≤ (ċ− a)

2

12a3

[
3

(
2h

ķ
− 1

2

)2

+
1

4

]
.

Choosing x = L (a, ċ) in (7) , we get

∣∣∣∣∣
[(

1− 2h

ķ

)(
2− A

L

)
− 1

]
1

L
+

2h

ķH

[
1− h(ċ− a)

2

2ķG2

]∣∣∣∣∣
≤ 2

a3

(1− 2h

ķ

)
(

1− 2h
ķ

)2

(ċ− a)
2

24
+

1

2
(L−A)

2

+
h

3

(ċ− a)
2

3ķ
3

 .
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Remark 3.3.
Consider g : (0,∞)→ R such that

g (x) = lnx, x ∈
[
a+ h.

ċ− a
ķ

, ċ− h. ċ− a
ķ

]
⊂ (0,∞)

then

1

ċ− a

ċ∫
a

g (x) dx = ln I (a, ċ)

g (a) + g (ċ) = ln G
2

(a, ċ) , g′ (ċ)− g′ (a) = − ċ− a
G2 (a, ċ)∣∣∣∣ g′′∣∣∣∣

∞
=

1

a2

So, (1) becomes

∣∣∣∣(1− 2h

ķ

)[
lnx− 1 +

A

x

]
+
h

ķ

[
ln G

2

+
h(ċ− a)

2

2ķG2

]
− ln I

∣∣∣∣∣
≤ (ċ− a)

2

24a2

[
3

(
1− 2h

ķ

)2

+ 1

]
. (8)

Choosing x = A (a, ċ) in (8), we get

∣∣∣∣∣∣ln A
(1− 2h

ķ )

I
+
h

ķ

[
ln G

2

+
h(ċ− a)

2

2ķG2

]∣∣∣∣∣∣
≤ (ċ− a)

2

24a2

[
3

(
2h

ķ
− 1

2

)2

+
1

4

]

Choosing x = I (a, ċ) in (8), we get∣∣∣∣∣2hķ ln I +

(
1− 2h

ķ

)[
1− A

I

]
− h

ķ

[
ln G

2

+
h(ċ− a)

2

2ķG2

]∣∣∣∣∣
≤ 1

a2

(1− 2h

ķ

)
(

1− 2h
ķ

)2

(ċ− a)
2

24
+

1

2
(I −A)

2

+
h

3

(ċ− a)
2

3ķ
3

 .
Remark 3.4.
Consider the mapping g : (0,∞)→ R such that

g (x) = x
r

, r ∈ R\ {−1, 0}

then

1

ċ− a

ċ∫
a

g (x) dx = L
r

r
(a, ċ)

g (a) + g (ċ) = 2A
(
a
r

, ċ
r
)
, g′ (ċ)− g′ (a) = r (r − 1) (ċ− a)L

r −2

r −2
(a, ċ)∣∣∣∣ g′′∣∣∣∣

1
= |r (r − 1)| (ċ− a)L

r −1

r −1
(a, ċ)
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So, the inequality (1) gives∣∣∣∣(1− 2h

ķ

)[
xr − r (x−A)xr−1]

+
2h

ķ

[
A (ar, ċr)− hr (r − 1) (ċ− a)

2

4ķ
L

r −2

r −2

]
− L

r

r

∣∣∣∣∣
≤ |r (r − 1)| (ċ− a)

2

2

(
1− 2h

ķ

)2

L
r −1

r −1
(9)

Choosing x = A (a, ċ)in ((9), we get∣∣∣∣∣
(

1− 2h

ķ

)
Ar +

2h

ķ

[
A (ar, ċr)− hr (r − 1) (ċ− a)

2

4ķ
L

r −2

r −2

]
− L

r

r

∣∣∣∣∣
≤ |r (r − 1)| (ċ− a)

2

8

(
1− 2h

ķ

)2

L
r −1

r −1

Remark 3.5.
Consider g : (0,∞)→ R such that

g (x) =
1

x
, x ∈

[
a+ h.

ċ− a
ķ

, ċ− h. ċ− a
ķ

]
⊂ (0,∞)

then

1

ċ− a

ċ∫
a

g (x) dx = L
−1

(a, ċ)

g (a) + g (ċ) =
2

H (a, ċ)
=

2A (a, ċ)

G2 (a, ċ)
, g′ (ċ)− g′ (a) =

2 (ċ− a)A (a, ċ)

G4 (a, ċ)∣∣∣∣ g′′∣∣∣∣
1

= 2 (ċ− a)L
−3

−3
(a, ċ)

So, the inequality (1) gives ∣∣∣∣∣
(

1− 2h

ķ

)[
2− A

x

]
1

x
+

2hA

ķG2

[
1− h(ċ− a)

2

2ķG2

]
− L

−1

∣∣∣∣∣
≤
(

1− 2h

ķ

)2

(ċ− a)
2

L
−3

−3
(10)

Choosing x = A (a, ċ) in (10) , we get∣∣∣∣∣
(

1− 2h

ķ

)
1

A
+

2hA

ķG2

[
1− h(ċ− a)

2

2ķG2

]
− L

−1

∣∣∣∣∣
≤ (ċ− a)

2

4

(
1− 2h

ķ

)2

L
−3

−3

Choosing x = L (a, ċ) in (10) , we get∣∣∣∣∣
[(

1− 2h

ķ

)(
2− A

L

)
− 1

]
1

L
+

2hA

ķG2

[
1− h(ċ− a)

2

2ķG2

]∣∣∣∣∣
≤
[
|L−A|+ 1

2

(
1− 2h

ķ

)
(ċ− a)

]2

L
−3

−3
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Remark 3.6.
Consider g : (0,∞)→ R such that

g (x) = lnx, x ∈
[
a+ h.

ċ − a

ķ
, ċ− h. ċ − a

ķ

]
⊂ (0,∞)

then

1

ċ− a

ċ∫
a

g (x) dx = ln I (a, ċ)

g (a) + g (ċ) = ln G
2

(a, ċ) , g′ (ċ)− g′ (a) = − ċ − a

G2 (a, ċ)
,∣∣∣∣ g′′∣∣∣∣

1
= (ċ− a)L

−2

−2
(a, ċ)

So, the inequality (1), gives

∣∣∣∣∣
(

1− 2h

ķ

)[
lnx− 1 +

A

x

]
+
h

ķ

[
ln G

2

+
h(ċ− a)

2

2ķG2

]
− ln I

∣∣∣∣∣ (11)

≤ (ċ− a)
2

2

(
1− 2h

ķ

)2

L
−2

−2

Choosing x = A (a, ċ) in (11), we get

∣∣∣∣∣∣ln A
(1− 2h

ķ )

I
+
h

ķ

[
ln G

2

+
h(ċ− a)

2

2ķG2

]∣∣∣∣∣∣
≤ (ċ− a)

2

8

(
1− 2h

ķ

)2

L
−2

−2

Choosing x = I (a, ċ) in (11) , we get

∣∣∣∣2hķ ln I +

(
1− 2h

ķ

)[
1− A

I

]
−h

ķ

[
ln G

2

+
h(ċ− a)

2

2ķG2

]∣∣∣∣∣
≤ 1

2

[
|I −A|+ 1

2

(
1− 2h

ķ

)
(ċ− a)

]2

L
−2

−2
.

4. Application for Numerical Integration-I

Let In : a = u0 < u1 < u2 < ... < un−1 < un = ċ be a dissection of [a, ċ], ςi ∈
[
uı̆ + δ.

h
i

ķ
, uı̆+1 − δ.

h
i

ķ

]
be a

sequence of intermediate points, hi = uı̆+1 − uı̆ ( i = 0, 1...., n− 1 ), then we get:

Theorem 4.1.
Let g : [a, ċ]→ R be a twice differentiable on (a, ċ), with g′′ ∈ L∞(a, ċ)

i.e.
∣∣∣∣ g′′∣∣∣∣

∞
= Sup

t∈(a,ċ)

∣∣ g′′(t)∣∣ <∞,
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then
ċ∫

a

g (u) du = A
(
g, g′, In , ς, δ

)
+R

(
g, g′, In , ς, δ

)
,

where

A
(
g, g′, In , ς, δ

)
=

(
1− 2δ

ķ

) n−1∑
i=0

[
g (ςi)−

(
ςi −

uı̆ + uı̆+1

2

)
g′ (ςi)

]
hi

+
δ

ķ

n−1∑
i=0

(g (uı̆) + g (uı̆+1))hi −
δ

2

2ķ
2

n−1∑
i=0

h
2

i
∆g′(uı̆)

and the reminder R (g, g′, In , ς, δ) satisfies the estimation∣∣R (g, g′, In , ς, δ)∣∣
≤

[
3

(
1− 2δ

ķ

)2

+ 1

] ∣∣∣∣ g′′∣∣∣∣
∞

n−1∑
i=0

h
3

i

24

Proof. By using Theorem 2.1 on [uı̆, uı̆+1] , (i = 0, 1, 2, ..., n− 1), we obtain:∣∣∣∣(1− 2δ

ķ

)[
g(ςi)−

(
ςi −

uı̆ + uı̆+1

2

)
g′(ςi)

]
hi

+
δ

ķ

[
(g(uı̆) + g (uı̆+1))− hiδ

2ķ
∆g′(uı̆)

]
hi −

uı̆+1∫
uı̆

g(t)dt

∣∣∣∣∣∣
≤

[
3

(
1− 2δ

ķ

)2

+ 1

]
h

3

i

24

∣∣∣∣ g′′∣∣∣∣
∞

Imply
n−1∑
i=0

and with the help of triangular inequality, we get the desired inequality.

Corollary 4.1.
The following perturbed mid-point rule holds:

ċ∫
a

g (u) du = AM

(
g, g′, In , δ

)
+RM

(
g, g′, In , δ

)
where

AM

(
g, g′, In , δ

)
=

(
1− 2δ

ķ

) n−1∑
i=0

g
(uı̆ + uı̆+1

2

)
hi

+
δ

ķ

n−1∑
i=0

(g (uı̆) + g (uı̆+1))hi −
δ

2

2ķ
2

n−1∑
i=0

h
2

i
∆g′(uı̆)

and the reminder term RM ( g, g′, In , δ ) satisfies the estimation∣∣RM

(
g, g′, In , δ

)∣∣
≤

[
3

(
2δ

ķ
− 1

2

)2

+
1

4

] ∣∣∣∣ g′′∣∣∣∣
∞

n−1∑
i=0

h
3

i

24
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Again, the following perturbed trapezoidal rule holds:

ċ∫
a

g (u) du = AT

(
g, g′, In , δ

)
+RT

(
g, g′, In , δ

)
,

where

AT

(
g, g′, In , δ

)
=

n−1∑
i=0

(
g(uı̆) + g (uı̆+1)

2

)
hi

− 1

4

[(
1− δ

ķ

)2

+

(
δ

ķ

)2] n−1∑
i=0

h
2

i ∆g′(uı̆)

and RT (g, g′, In , δ) satisfies the estimation

∣∣RT

(
g, g′, In , δ

)∣∣
≤

[
3

(
1− 2δ

ķ

)2

+ 1

] ∣∣∣∣ g′′∣∣∣∣
∞

n−1∑
i=0

h
3

i

24
.

5. Application for Numerical Integration-II

By using same idea, that we already used above, we get the following quadrature formula:

Let g : [a, ċ]→ R be continuous on [a, ċ] and twice differentiable on (a, ċ) such that g′′ ∈ L1 (a, ċ)

i.e.
∣∣∣∣ g′′∣∣∣∣

1
=

ċ∫
a

∣∣ g′′(t)∣∣ dt
then we have

ċ∫
a

g(u)du = A
(
g, g′, In , ς, δ

)
+R

(
g, g′, In , ς, δ

)
where

A
(
g, g′, In , ς, δ

)
=

(
1− 2δ

ķ

) n−1∑
i=0

[
g (ςi)−

(
ςi −

uı̆ + uı̆+1

2

)
g′ (ςi)

]
hi

+
δ

ķ

n−1∑
i=0

(g (uı̆) + g (uı̆+1))hi −
δ

2

2ķ
2

n−1∑
i=0

h
2

i
∆g′(uı̆)

and R ( g, g′, In , ς, δ )satisfies the estimation

∣∣R (g, g′, In , ς, δ)∣∣
≤ 1

2

[
1

2

(
1− 2δ

ķ

)
ν (h) + sup

i=0,1,...n−1

∣∣∣ςi − uı̆ + uı̆+1

2

∣∣∣]2 ∣∣∣∣ g′′∣∣∣∣
1

≤ ν
2

(h)

2

(
1− 2δ

ķ

)2 ∣∣∣∣ g′′∣∣∣∣
1
.
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where ν (h) = max {uı̆+1 − uı̆ | i = 0, 1, ..., n− 1}

Proof. Apply Theorem 2.1 on [uı̆, uı̆+1] , ( i = 0, 1, 2, ..., n− 1 ) , we obtain:

∣∣∣∣(1− 2δ

ķ

)[
g(ςi)−

(
ςi −

uı̆ + uı̆+1

2

)
g′(ςi)

]
hi

+
δ

ķ

[
(g(uı̆) + g (uı̆+1))− hiδ

2ķ
∆g′(uı̆)

]
hi −

uı̆+1∫
uı̆

g(t)dt

∣∣∣∣∣∣
≤ 1

2

(
1− 2δ

ķ

)
(uı̆+1 − uı̆)

uı̆+1∫
uı̆

| g(t)| dt

By using same technique, as we already used above, we get the desired inequality.

6. Application for Numerical Integration-III

Again using same idea, that we already used above, we get the following quadrature formula:

Let g : [a, ċ]→ R be a twice differentiable on (a, ċ) such that g′′ ∈ Lp (a, ċ) , p > 1

i.e.
∣∣∣∣ g′′∣∣∣∣

p
=

 ċ∫
a

∣∣ g′′(t)∣∣p dt


1
p

then we have
ċ∫

a

g(u)du = A
(
g, g′, In , ς, δ

)
+R

(
g, g′, In , ς, δ

)
where

A
(
g, g′, In , ς, δ

)
=

(
1− 2δ

ķ

) n−1∑
i=0

[
g (ςi)−

(
ςi −

uı̆ + uı̆+1

2

)
g′ (ςi)

]
hi

+
δ

ķ

n−1∑
i=0

(g (uı̆) + g (uı̆+1))hi −
δ

2

2ķ
2

n−1∑
i=0

h
2

i
∆g′(uı̆)

and the reminder R ( g, g′, In , ς, δ )satisfies the estimation

∣∣R (g, g′, In , ς, δ)∣∣
≤ 1

2 (2q + 1)
1
q

(
n−1∑
i=0

[(
1− 2δ

ķ

)2q+1

+ 2

(
δ

ķ

)2q+1]
h

2q+1

i

) 1
q ∣∣∣∣ g′′∣∣∣∣

p
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Proof. Apply Theorem 2.1 on [uı̆, uı̆+1] , ( i = 0, 1, 2, ..., n− 1 ) , we obtain:∣∣∣∣(1− 2δ

ķ

)[
g(ςi)−

(
ςi −

uı̆ + uı̆+1

2

)
g′(ςi)

]
hi

+
δ

ķ

[
(g(uı̆) + g (uı̆+1))− hiδ

2ķ
∆g′(uı̆)

]
hi −

uı̆+1∫
uı̆

g(t)dt

∣∣∣∣∣∣
≤ 1

2 (2q + 1)
1
q

([(
1− 2δ

ķ

)2q+1

+ 2

(
δ

ķ

)2q+1]
h

2q+1

i

) 1
q ∣∣∣∣ g′′∣∣∣∣

p

By using same technique, as we already used above, we get the desired inequality.

7. conclusion

We established generalized Ostrowski type inequality for differentiable mappings whose second derivative belongs

to different Lebesgue spaces as like L∞ [a, b], L1 [a, b] and Lp [a, b]. Here we show that the inequalities obtained

in [5], [8], [10], [23] and [24] are special cases of our inequalities. Applications are also discussed.
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