Innovative Journal of Mathematics
v. 1no. 3, 1-15, (2022)
doi:10.55059/ijm.2022.1.3/25

AN
SIGMAWINGS
ISSN 2790-3370 (print)
ISSN 2790-3389 (online)

Average no regret sentinel

Research Article

Fatma Achab'*, Imad Rezzoug!'

1 Laboratory of Dynamics systems and control, University of Oum El Bouaghi, Algeria

Abstract: In this paper, we consider a wave equation with pollution term that includes a fractional derivative of Riemann-
Liouville with missing Newman boundary condition and the operator depending on unknown parameter. First
we try to avoid the unknown parameter and to isolate the missing function the results are established by
introduce the notion of average no regret sentinel. Second is applied the classical approach of sentinel to
identify the pollution.
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1. Introduction

When we modeling almost natural phenomena, we cannot access or know all the information related to the
phenomenon that causes us to fall into the problem with incomplete data, this missing can be in the source terms
initial or boundary conditions or parameters in the main operators.

In environmental or ecology problems, we never know the initial data a real example is pollution phenomena.
Our basic goal is to use the Sentinel method Lions [11] to obtain information about the pollution terms (source
items) independent to the unknown terms in the initial condition. This method needs for a state equation, some
observation function, and some control function to be determined. This method is based on the following steps,
first we prove the equivalence between the existence of sentinel and null-controllability problems, then we solve the
last problems by Carleman inequality and lax-Milgram or penalization method. The key tool used to identified
the pollution terms is Taylor development, in several works using this notion see the following papers (see [13],

[14] and [17]).
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In different phenomena like physical or biomedical the missing information holds in the initial or boundary
condition or in the second member of the equation from the situation in this case leads to use the notion of
no-regret control presented by Lions 1992 [10] related by a sequence of low regret control which converges weakly
to the no regret control and assists us with getting the optimality systems that characterize both controls. As
of late, Zuazua in 2014 [28] introduced the notion of average control to solve the problem governed by unknown
parameters in the main operators.

In light of the absence of two kinds of missing data for example unknown velocity of propagation and unknown
Dirichlet boundary condition in electromagnetic wave equation describing a biomedical phenomenon prompts the
utilization of the notion of average no regret control which was introduced in [7]. Moreover, the average Sentinel
[26] is used to identified the pollution terms in the heat equation which the state relies on unknown parameters.
However, in this paper, we are interested to find an estimation or identified a pollution terms of a wave equation
that penetrate a polluted medium with missing physical information. The unknown velocity of propagation is
represented by an unknown datum, likewise the flux is missing which represent by a Newman boundary condition,
this makes us in a complicated problem that contains all the types of incomplete data. To solve her we represent
the notion of average no-regret Sentinel. We follow the same way in (see [7] and [26]), first we applied the average
sentinel then we use the idea of no regret control finally we applied the classical sentinel method.

Our paper is organized as follows, in the first section we give some fundamental definition concerning the fractional
calculus then we describe our problem which given by fractional equation represented by Riemann-Liouville sense.
In the second we applied the notion of average no regret Sentinel, a third section we applied the classical Sentinel

method to get information of the pollution terms, we finish by conclusion.

2. Preliminaries
2.1. Fractional calculus

Fractional calculus appeared in 1695 when Leibniz wrote to Hospital ” Can the meaning of derivatives with integer-
order be generalized to derivatives with non-integer orders?” L’Hopital posed another question to Leibniz : ” What
if the order will be 1/27”. Leibniz replied: ”It will lead to a paradox, from which one day useful consequences will
be drawn”. Since that time many scientists have tried to give the answer to this question until Lacroix [8] gave the
correct answer in 1819. until now, the number of publications of fractional calculus has been growing, attracting
many scientists to many branches of its discipline (physics, robotics, control theory, electrical and mechanical
engineering, bioengineering, etc), the secret of the big issues of fractional calculus is that the fractional-order
models are often more approximated to real-world systems and more accurate rather the classical calculus. in
last decade, many formulas and definitions have been developed such as the Grunwald-Letnikov, Caputo and
Riemann-Liouvilles approaches, For more details on the development of fractional calculus see [9]. In particular

we suggest the Riemann-Liouvilles definitions.
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Definition 2.1.
(Riemann-Liouville integral) The Riemann-Liouville fractional integral of order « is defined by the following

expression :
t

10 = fa [ =97 f ()

Definition 2.2.
(Riemann-Liouville derivative) The Riemann-Liouville fractional derivative of order « is defined by the following
expression :

DL = ey s | =977 1 (9)ds

Where f : RT — R be a continuous function on R, ¢ > 0 and 0 < a < 1. I'(.) is the Gamma function defined

0
= /tz_1 exp " dt.

for any complex number z by

Remark 2.1.
([8) Forn—1<a<mn:

L0 = Fmay i | €97 s

Lemma 2.1.

(/3],[15],[16]) Let ¢ € C™ (Q) , we have

T

//(Diy(x,t)JrA(t) (@,1)) 6 (, ¢) dwdt — // (@,1) (=D (x, 1))
Q

0 Q

A* (1) 6 (o, ) dudt + / 6 (2, T) """y (z,T) da

—/(;5(1’, 0") I, ™%y (m,0+) dx

e

Where A(t) is a given operator, Ii_o‘y (m,0+) = 1im+li_°‘y (z,t) and —D< is the so-called right fractional
t—0
Riemann—Liouville derivative given by

T
DYF (1) = l_adi/s—t (s) ds.
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2.2. Model describing

Let us consider the fractional diffusion wave equation that penetrates a polluted medium with missing information.
we set Q@ =Q x (0,7) and ¥ =T x (0,7), where Q is an open bounded domain in R" (n = 1,2,3) with smooth

boundary I, t € (0,7), T >0

Diy — o?Ay = £+ )\é in Q,
]Jl;o‘y (O"') = Yo+ TYo in Q, (1)
% =g on X,

where y =y (z,t,0,9,\,7) € L? (Q), 0 € [01, 02] represent the velocity of propagation, g is an unknown function
belongs to L? (X). The function ¢ = £ (x,t) € L*(Q) and yo = yo (x) € L?(Q) are known but the functions
{)\f , TQO} are unknown and reprint the pollution term and perturbation term resp, é & 9o are renormalized and

represent the size of pollution and perturbation

I¢

<1, |9 <1
2@ = ||yOHL2(Q) =5

with A, 7 are small enough.

There are three types of incomplete data for this problem. The first is the pollution term we want to identify, the
second is the missing parameter o, and the last is the unknown function g.

We aim at choosing a control independent of the value of both the unknowns (the parameters and the function)

to determine the pollution terms )\é independent to the unknown 7.

3. Presentation of the method

In order to identify the pollution term is to use the sentinel method. In our case, applying the classical sentinel
approach of Lions gives us information related to the missing {o, g}, we have two obstacles to avoid them we
assume to take the average of the state then we applied the idea of no regret control.

Let the control function w € L? (O x (0,T)) and an observer ho € L? (O x (0,T)) we define the functional :

T
5(11)70797)\,7')://(hOXO+wXO)y(w70797)\aT)d$dta (2)
0 Q

where O is an observatory domain and open and non empty subsets of €.
Now, we need to eliminate the datum o and isolate g that we will explain now :

First, we assume to take the average of the state y respect to the datum o then the functional (2) becomes as

T g2

5(11),97>\77')://(h0X0+wX0) /y(w,g7a,)\,7')d0 dmdt7 (3)
Q

0 1
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[ep)
where [y (A, 7,0,9) is the average of the state. Now we seems to take only the control satisfying
o1

8(w7g7A77—) S 5(0797)\77—)7 vge L2 (E)'

Lemma 3.1.
For allw € L? (O x (0,T)) and g € L* (%) we have

T
S (’U),g, )\7 T) 0 97)\ T //(hOXO + 'LUXO) q’d.’ﬂdt,
0 Q

o2
and ¥ = f (y (w7gyo'7 >\77—) - y(0,07 0'7)‘77—)) do.

g1

Proof.  We know that
y(w’g7U7A77—) :y(w’0707A’T)+y(0’g7U7A7T) _y(0’0707A’T)’ (4)

Where y (w,0,0,\,7), y(0,9,0,\,7), y(w,0,0,\,7) are respectively solutions of

Diy—o’Ay = £+X  inQ,
Ii_ay (0*) = yo+ 7Ho in §Q,

9y

50 = 0 on X,

ty—o’Ay = £+Af  inQ,
Ii_ay (0*) = o+ 7Yo in Q,

o
oo=g on X,

ty—o’Ay = £4+X  inQ,
I}:ay (O+) = Yo+ TYo in Q,

oy _
2 =0 on %,

replace (4) in (2), we get
T

S (U),g7 )‘7 T) -S$ (0797 >\7 T) = f f (hUXO + wXO)
00

o2

f (y (’LU,O, g, )‘7 T) =+ Yy (0795 a, A?’T) -y (0707 a, )‘77—)) dg) dzdi

g1

o2
J (hoxo +wxo) (f (y(0,9,0,X,7)) dcf) dzdt
0Q o1

X
S’ﬁ/_\

o2

f hoxo + wxo) (f (y (w,0,0,\,7) —y(0,0,0,\,7)) dor) dxdt. O
Q

g1

O%%
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Remark 3.1.
o2
We noted that s =< (w, A\, 7) = [ (y(w,0,0,\,7) —y(0,0,0,\, 7)) do solution of

g1

D%¢—0*A¢ = 0 in Q,
I;7%(07) = 0 inQ, (5)
ol

v
We can’t get any information for the pollution term {\¢} with working by systems (3), for this reason we relax

our problem by take
s (w,9,A,7) < 5(0,9,A,7) +5(0,0,\,7), Vg € L* (%)

We obtain :
5(11),97)\77')_5(7g,>\7')_500)\7' = h0X0+wXO)

g1

T
IS
0Q
o2
X (f (y (w7070—a)‘77—) 2y(0 O ag, )\ T dO’) d:vdt

We suppose that n (w,o,\,7) =y (w,0,0,\,7) — 2y (0,0, 0, A, 7) solution of
el 2 _ A .
D$n—o°An = 7(£+)\§) in Q,
I n(0%) = —(yo+7H0) in L, (6)
%Z =0 on X,

then

o2

T
(w, A\, 7) // (hoxo +wxo) /n(w,a,/\,T)da dxdt,
0 @

1
supposed that
t=oct=0=1,

oo oot

[ntwonnads= [ nwinrneon S =z,

o1 oyt
where z (z,t) solution of

D$z— Az = Z+)2E inQ,

Ij__o‘z (0*) = yo+ 7Ho in §Q, (7)
% =0 on X,
with
olt

[1]
Il
—
o~ [y
.
a&k
1
—
/A"
Q.
~

oot oot
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The Sentinel functional becomes as

T
S\ T1)= //(hoxo +wxo) z (z,t, A\, 7) dzdt.
00

Which is our classical Sentinel problem.

4. Classical approach of Sentinel method

In this section, we can applied the classical approach of Sentinel method, when we prove the existence of a

sentinel equivalent to null controllability problem and we use penalization to solve our problem. Consequently,

the estimates of pollution terms arise when we use development of Taylor.

Definition 4.1.

We say that S defines a sentinel for the problem (7) if there exists w such that S is insensitive with respect the

to missing terms 72 i.e.,

— (A7) = 0; for all 2o,
(A, 7)=(0,0)

w € L*(0 x (0,T)), of minimal norm.

Theorem 4.1.
The condition (8) leads to a null-controllability of the adjoint problem q

—D%q—Aq = hoxo +wxo inQ,
qg(T) =0 in €,
% =0 on 3,
with
q(0)=01in Q.

Proof.  The insensibility condition (8) holds iff
T
//(hoxo + wxo) zrdxdt = 0,
0O

9z :
where z; = 52 (A, 7')|(>\’T):(0,0) solution of

Dfzr —Azr = 0 inQ,

I % (07) = % inQ,
&z =0 on¥,

Then, we introduce the adjoint state g given by (10).

(8)

(9)

(10)

(11)
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In other side, we multiply the first equation in (11) by ¢ and integrate over @,
T

// Dz — Az;) gdzdt = // D%q — Aq) z-dxdt

q(T) Iy %2 (T) dx — /q (0%) 17 %2 (0%) dz
Q

(z 9 _ azf)drdt

_l’_

+
o\H O\k} @\ o

/ (hoxo + wxw) z-dzdt — /q (0+) zrdx = 0.
Q

Q

‘We deduce

/q (0%) zrdz = 0.

Q

Finally
q(07) =01in Q.

4.1. Resolution of null-controllability problem

we devise the problem (10) into two problems

—D% o — Aqgo = hoxo in Q,

g (T) = 0 in Q, (12)
% =0 on X,
—D% — Az = wyxo inQ,
z2(T) = 0  inQ, (13)
% =0 on %,

then ¢ = qo + 2z, where qo is known, we seeks to check the control w which z satisfying

2(0) = —qo (0).

4.2. Penalization and system of optimality

Theorem 4.2.
The couple (w, z) is characterized by the following optimality systems

—D% — Az = pxo inQ,

oz __
%—O OTLE,

z(T) =0 in Q,
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Dip—Ap =0 inQ,
p =0 onk,
p(0) = p° inQ,

with
w = Xop.
For € > 0, we introduce the following functional
1 2 1 [ 2
Je (we, z) = 5 ||w6HL2(o><(o,T)) + % |-D%% — Az — wXOHLQ(Qx(QT)) )

we choose all z verifying

—D% — Az —wxo € L* (2 x (0,T)),

0z
5700112,
z(T)=0in Q,
2(0) = —qo (0),

let (we, z.) solution of

inf Je (we, 2) ,

supposed that

pe = % (=D%2e — Aze — wexw),
then
Je (we) (we — ) =0, Yw. € L* (0 x (0,T)),
we get
(we, ) 12(0x (0,1y) + (Pe; =D"2 = AZ —0X0) 120y (0,1)) = 0
such that

—D%2 — Az —ixo € L* (2 x (0,T)),

aZIOOnE,

o
2(0)=0, 2(T)=0in Q,

we deduce that

Dips —Ape=01in Q,

pe =0 on 2.

(14)
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Without any information about p. (0) and pe (T') .

Replace the last equation in (14), we get

(we = X0Pe, W) 120w (0,1)) = 05

it means that
We = XOPe-
In a suitable topology, we suppose that pc — p when € — 0, we get

Dip—Ap = 0 inQ,
p(0) = p” inQ,

p =0 onx,
also,
—D%z — Az = pxo in Q,
% =0 on %, (15)
z(T) =0 in Q,
with
w = Xop-
In other side, we search p° in way that
2(0) = —qo (0).

Multiplying (13) by p we obtain after integrating by part and help of (15)

T T
//(—Daz—Az)pdxdt://Xodemdt
0o 0 o
T
/z(O) podx://dexdt,
o)

Q

we define an operator

Ap” =2(0),

T
(Ap%,0%) = / / p’dzdt,
0 O

1
2

O/O/pdedt , (16)

we obtain

we introduce

16°]1 -
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One indicates F' the space of Hilbert separate and supplemented regular functions p° for the norm (16).

Ae L (F, F/) is an isomorphism of F' to F/( F'dual space of F' ), and A = A™.

Ap® = =40 (0),

implies that
it’s enough to show that

multiply (12) by p, we get

T
// ho + p) xodzdt,
0 Q

thus
|<qo (0) »PO>| < HhUHL2(0x(0,T)) + ol e
we deduce
llgo (0)[| p < Hh0||L2(o><(o,T))a
then

S()\7T)://(h0+p) xoz (A, 7) dzdt.
0 Q

4.3. Identification of the Pollution Term

We denote an observation of z by

Zobs = ZXO = ™o,

then the measured sentinel associate to zops is given by

T
obs // hO +P Xomodibdt
0

Theorem 4.3.
The pollution term is to estimate as follows

T T
//)\éqdmdt // (ho + p) xo (mo — 20) dxdt.
0 Q 0 Q

11
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Using development of Taylor, we get

oS oS
Sobs()VT)*S(O 0)+)\5 (O 0)+ 8 (070)7
due to (8)
Sons (0, 7) ~ 5 (0,0) + 222 (0,0 .
oA
Hence,
/\gi (0 O) Sobs (A7T) ) (Oa 0) 3 (17)
in other hand, we have
T
oS
o2 0.0 = [ [ (o + p)xomsdeat (1)
0 Q

where z) = g—i (A, T)|(A,T):(O’O) solution of the following

DSz — Azy = Z in Q,
Iz (07) = 0 inQ, (19)
% =0 onX,
Multiply the first equation by ¢ and integrate over
T T
// DS zy — Azy) qdzdt = //_qudt,
0 Q 0 Q

in view to Lemma (4) we get the following equations

T
//zx —D%q— Aq)dxdt = // hoxo + wxw) zadzdt
0

T
://équdt
0 Q

thank’s to (12) and (13), we get
T T
/ / \Eqdadt ~ / / (ho + p) xo (Mo — 20) dxdt.
0 Q 0 Q

5. Conclusion

In this work we present the average no-regret Sentinel to estimate the pollution term in fractional diffusion
wave equation when the state governed by unknown datum and missing Newman boundary condition when the
classical approach of Sentinel method gives us information related to the missing data for this we try to avoided
this problems by combine the notion of average control and the idea of no-regret control. This method can be

also used in border Sentinel and weakly Sentinel.



F. Achab, I. Rezzoug

Acknowledgements

The authors thank the referees for their careful reading and their precious comments. Their help is much appre-

ciated.

This work was supported by the Directorate-General for Scientific Research and Technological Development

(DGRSDT).

Funding

No funding to declare.

References

[1] Almatroud AO, Ouannas A, Grassi G, Batiha IM, Gasri A and Al-Sawalha MM. Different linear control laws

for fractional chaotic maps using Lyapunov functional. Archives of Control Sciences 31 (4). (2021).

[2] Albadarneh RB, Batiha IM, Ouannas A and Momani S. Modeling COVID-19 Pandemic Outbreak using

Fractional-Order Systems. Computer Science 16(4):1405-1421, (2021).

[3] Bahaa, G.M. Fractional optimal control problem for differential system with delay argument. Adv Differ Equ

2017, 69 (2017). https://doi.org/10.1186/s13662-017-1121-6

Bahia G, Ouannas A, Batiha IM and Odibat Z. The optimal homotopy analysis method applied on nonlinear
time-fractional hyperbolic partial differential equations. Numerical Methods for Partial Differential Equations
37 (3), 2008-2022. (2021). https://doi.org/10.1002/num.22639

Berhail. A and Rezzoug I. Identification of the source term in Navier-Stokes system with incomplete data.
AIMS Mathematics, 4(3): 516-526. DOI:10.3934/math. (2019).3.516. 2019.

Djenina N, QOuannas A, Batiha IM, Grassi G, Viet-Thanh P and Pham VT. On the Stability
of Linear Incommensurate Fractional-Order Difference Systems. Mathematics 8 (10), 1754. (2020).
https://doi.org/10.3390/math8101754

Hafdallah A and Ayadi A. Optimal control of electromagnetic wave displacement with an un-
known velocity of propagation. International Journal of Control, 92(11), 2693-2700. (2019).
https://doi.org/10.1080/00207179.2018.1458157

Lacroix S.F. Traité du calcul différentiel et du calcul intégral Tome 3. Traité du calcul différentiel et du calcul
intégral. (1819).

Lazarevi¢ M.P, Rapai¢ M.R, Sekara, T.B, Mladenov V, & Mastorakis N. Introduction to fractional calculus
with brief historical background. In Advanced Topics on Applications of Fractional Calculus on Control

Problems, System Stability and Modeling (p. 3). WSEAS Press. (2014).

13



14

Average no regret sentinel

[10] Lions J.L. Contrdle & moindres regrets des systémes distribués. Comptes rendus de I’Académie des sciences.
Série 1, Mathématique, 315(12), 1253-1257. (1992).

[11] Lions J.L. Sentinelles pour les systémes distribués & données incomplétes (Vol. 21). Elsevier Masson. (1992).

[12] Laib T and Rezzoug I and Berhail A.Approximate Controllability of the Stokes system. Global Journal of
Pure and Applied Mathematics.ISSN 0973-1768 Volume 14, Number 6 (2018), pp. 775-785.

[13] Massengo, G., & Nakoulima, O. Sentinels with given sensitivity. Euro. J. Appl. Math, 19, 21-40. (2008). DOI:
https://doi.org/10.1017/S0956792507007267

[14] Miloudi Y, Nakoulima O and & Omrane A. On the instantaneous sentinels in pollution prob-
lems of incomplete data. Inverse Problems in Science and Engineering, 17(4), 451-459. (2009).
https://doi.org/10.1080/17415970802015948

[15] Mophou G.M and & NGuérékata G.M. Optimal control of a fractional diffusion equation
with state constraints. Computers & Mathematics with Applications, 62(3), 1413-1426. (2011).
DOI:10.1016/j.camwa.2011.04.044

[16] Mophou G.M. Optimal control of fractional diffusion equation. Computers & Mathematics with Applications,
61(1), 68-78. (2011). https://doi.org/10.1016/j.camwa.2010.10.030

[17] Rezzoug I and & Ayadi A. Weakly sentinels for the distributed system with pollution terms in the boundary.
Int. Journal of Math. Analysis, Vol. 6, 2012, no. 45, 2245 - 2256. (2012).

[18] Kaarer I and Ayadi A and Rezzoug I.Weak Controllability and the New Choice of Actuators.Global Journal
of Pure and Applied Mathematics. ISSN 0973-1768 Volume 14, Number 2 (2018), pp. 325-330.

[19] Rezzoug I and Ayadi A. Weakly Sentinel involving a Navier-Stokes Problem and Detecting Pollution. General
Letters in Mathematics Vol. 5, No. 2, Oct (2018), pp.93-104. https://doi.org/10.31559/glm2018.5.2.4

[20] Rezzoug I, Oussaeif TE. Solvability of a solution and controllability of partial fractional differential systems.
Journal of Interdisciplinary Mathematics, (2021). https://doi.org/10.1080,/09720502.2020.1838754

[21] Benaoua A, Oussaeif TE, Rezzoug I. Unique solvability of a Dirichlet problem for a fractional parabolic
equation using energy-inequality method. Methods of Functional Analysis and Topology, (2020).

[22] Rezzoug I, Oussaeif TE and Benbrahim A. Solvability of a solution and controllability for nonlinear frac-
tional differential equation. Bulletin of the Institute of Mathematics Vol. 15 (2020), No. 3, pp. 237-249 DOL:
10.21915/BIMAS.2020303

[23] Rezzoug I, Oussaeif TE. Approximate Controllability. WSEAS TRANSACTIONS on SYSTEMS. Volume 19,
(2020). DOI: 10.37394/23202.2020.19.3

[24] Rezzoug I, Dehilis S and Oussaeif TE. Boundary control of a heat equation. Asia Mathematika. Volume: 5
Issue: 1, (2021) Pages: 28-43. DOI: doi.org/10.5281/zenodo.4722088

[25] Shatnawi MT, Ouannas A, Bahia G, Batiha IM and Grassi G. The Optimal Homotopy Asymptotic Method
for Solving Two Strongly Fractional-Order Nonlinear Benchmark Oscillatory Problems, Mathematics 9 (18),
2218 1. (2021). https://doi.org/10.3390/math9182218



F. Achab, I. Rezzoug

[26] Selatnia H, Berhail A and & Ayadi A. Average Sentinel for a Heat Equation with Incomplete Data. J Appl
Computat Math, 7(421), 2. (2018).

[27] Shatnawi MT, Djenina N, Ouannas A, Batiha IM and Grassi G. Novel convenient conditions for the stability
of nonlinear incommensurate fractional-order difference systems. Alexandria Engineering Journal 61 (2),
1655-1663. (2021). DOIL: 10.1016/j.a€j.2021.06.073

[28] Zuazua E. Averaged control. Automatica, 50(12), 3077-3087. (2014).

https://doi.org/10.1016/j.automatica.2014.10.054

15



	Introduction
	Preliminaries
	Presentation of the method
	Classical approach of Sentinel method
	Conclusion
	Acknowledgements
	Funding
	References

