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1. Notion of the sentinel

The study of dynamic of spatiotemporal systems has generated wide literature with applications in many fields
as such ecology, immunology, desertification, population dynamics, pollution as well as many others. Interesting
problem for such systems concerns incomplete data and state measurement on a certain region of its geometric
domain. In the case of distributed systems defined on a geometric domain €2, numerous papers were devoted to
the state controllability in the whole domain © (see Lions[10, 12] and the references therein). This work caters
with regional analysis paradigm developed by Zerrik [31], El Jai [7] and others, by using the weakly sentinel notion
introduced by Rezzoug and Ayadi [1, 20] for pollution estimation where the measurement region O is either €2 or
in the pointwises of (2. Precisely, we consider a parabolic distributed parameter system defined on the geometric
domain 2 and we assume that the following assumptions are given :

- An open regular and bounded set 2 of R", n > 1,with boundary I" = 99.
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- A time interval [0,7] we denote Q =]0,T[ X2 and ¥ =]0,T[ x99.

- A second order differential linear operator A with compact resolvent and which generates a strongly continuous
semi-group (S(t))s>0 on the state space X = L*(Q).

- A" will denote the adjoint operator of A.

Then the considered system which is described by the following state equations

% (t,z) + Ay(t,z) = F(t,z) in Q,
y(0,z) = yo(z) inQ, (1)

y(t, z)

g(t.z) onx,

where

F e L*Q),g € L*(2) and yo € L*(Q).

Have unique weak solution. And we note that

/yAqdmf/ qA*yd:c:/yiquf/qide,
Q Q r Ovg r Ovas

for all y and ¢ in the Sobolev space H'(Q). In systems theory, the sentinel is related to the possibility of finding
the state of the adjoint system dynamics independently of the missing and pollution terms, and of the choose of
control spaces. The regional (boundary) sentinel explores the notion of sentinel in the particular case where the

support of the initial state of adjoint system dynamics is into the subregion (a part of boundary) w.

2. Regional sentinel

In this section, we choose O in the interior of {2 and we assume that the considered system is described by the
following equations
St o\ T) + Ay(t, z; N 1) = folt,z) + Af(t,z) in Q,
y(0,z; A, 7) = yo(z) + 7y(x) in Q, (2)
y(t,z; A\, 1) = 0 on Y,
where fo, yo are given ; f, y are unknown functions and A, 7 are small unknown parameters. Let ho be a function

given in L?((0,7) x ©). One considers a functional defined by the formula

sy = [ [ ottt et 3)
(0, T)xO
where ¢ € L?((0,T) x O).

Definition 2.1.

The functional S(A, 7) is said to be regional sentinel defined by ho if the following properties are satisfied :

1) there exists u € L*([0,T] x O) such that (X, 7)x=0,r—0 = 0, for all § € L*([0,T] x ) such that its spacial
support is into O.

2) ||u|]| = inf ||¢]| for all ¢ satisfying the property one.
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Now we focus on the regional sentinel construction : let 7(¢,z) be the unique solution of the following equations

99 (t,2;0,0) + Ag(t,2;0,0) = fo(t,z) in Q,
= yo(x) in Q, (4)
y(t,z;0,0) = 0 on X.

7(0,;0,0)

The derivative of the system (2) with respect to the parameter A near (A = 0,7 = 0) is given by the following
equations
B2 (o) + Ap(tr) = f(ta) inQ,
yrx(0,z5A,7) = 0 in Q, (5)
u(t,z) = 0 on X,
and also the derivative of the system (2) with respect to the parameter 7 near (A = 0,7 = 0) is given by the

following equations

E%T(t, z)+ Ay, (t,z) = 0 in Q,
y-(0,2) =y inQ, (6)
y-(t,z) = 0 onX.

The adjoint system associated to (6) is defined by the following equations

f%(t, x) + A%q(t, x)
a(T)

q

(ho(t, x) + ¢(t, 2))xo(z) in Q,
0 in Q, (7)

0 on 3,

with ho and ¢ in L?(]0, T[ x O). The system (7) is decomposed into two systems, free one and forced one. The

free system is given by the following equations

— 840 (¢, ) + A*qo(t,x) = ho(t,z)xo(z) in Q,
@(T) = 0 in Q, (8)

@ =0 on %,

the forced system is given by the following equations

_%(tﬂc)'i_A*ql(tax) = Sﬁ(tvfc)XO(W) in Q,

@a(T) =0 in Q, 9)
g =0 on X,
then the solution of (7) is written as
q=qo+qi.



M.N. Lamya, I. Rezzoug

Definition 2.2.
The dynamic system (9) is said to be regionally controllable on the region w if, for all desired state, there exists
a control such that the final state is equal to the considered desired state on w.

We consider ¢o(0,.) € L?() as the desired state and we take a region w = Q\O. Then the regional controllability
consists in finding a control u in L2(]0,T[; L?*(0)) which permits, in a finite time, to bring the state q1 of

system (9) from the initial state q1(T,z) = 0, to the final desired state —go(0, ) on this region.

Remark 2.1.
If the higher multiplicity of the eigenvalue of A is equal to one, then the system (9) is controllable in L*(w),
[7, 31].

Theorem 2.1.
If the system (9) is w regional controllable, then there exists a unique control u € L(]0,T[; L*(O)) which satisfies
the definition 2.1 of the sentinel.

Proof.  If the system (9) is regionally controllable on w then, for ¢o(0) is given in L*(0), there exists a unique
control u € L*((0,T) x O) such that qi(0)xw = —qo(0)xw, hence we get the first formula of the definition 2.1.

From the equation (6) and the equation (7) we can deduce

~ [z = [ [ (ho+ wpye (o i3 o, (10)
(@} (0, T)xO

and hence, for any y having its support outside O, we have fo q(0)ydz = 0, hence

28(/\,7’))\:077:0 = // (ho + w)yr(z, t; A\, 7)dzdt = 0. (11)
or (0,T)xO

2.1. Estimate of the pollution terms

Now, Let ym (¢, z) be the measured state of the system on the observatory O during the interval |0, T[, then the

measured regional sentinel is given by formula

Sm(A\,T) = // (ho + w)ym(x, t; A, 7)dzdt. (12)
(0, T)xO

Theorem 2.2.
If the system (9) is w—regionally controllable then we have the following estimation

/ afdzdt = Sm(), ) — S(0,0).
[0, T xw
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Proof.  We know that

0 0
S(A, T) = S(O7 0) + )\ES()\, T)A:O,T:O + TES(A, T))\:()ﬂ—:o, (13)
using the equations (11) and (12) we have
0
Sm(A7 T) - S(0,0) = AaS(AvT)Azo,sz (14)
where
0
T / / (ho + w)yn (@, £)dadt, (15)
OA Ox(0,T)
and
5(0,0) = // (ho + w)y(z, t)dzdt, (16)
Ox(0,T)

using the equations (5) and (7), we deduce that

// (ho + w)yx(z,t)dzdt = / qfdz,
(0,T)xO (0,T)x$

hence

/\/ qfdx = Sm(X, 7) —5(0,0).
(0,T)x2

3. Pointwise sentinel

In this section, we choose O = {b} a point in 2 and we assume that the considered system is described by the

equation (2). Let ho be a function given in L?(0,T),one considers a functional defined by the formula

S\, 1) = /0 (ho(t) + ©(t))y(b, t; A, T)dt, 17
where ¢ € L?(0,T).

Definition 3.1.

The functional S(A, 7) is said to be pointwise sentinel defined by h¢ if the following properties are satisfied :
1) there exists u € L*([0, 7)) such that ‘g—f()\, T)a=0,-=0=0 for all § € L*([0,T] x Q) and 4 =0 on [0, 7] x {b}.
2) |lu|| = inf ||¢|| for all ¢ satisfying the property 1).

Now we focus on the Pointwise sentinel construction: let §(¢, z) be the some solution of (4),the derivative solution
with respect to the parameter A is given by (5) and also the derivative solution with respect to the parameter 7 is

given by (5) The adjoint system associated to (5) is defined by the following equations

—%4(t,x) + A*q(t, z)
q(T,x)

q =0 on X,

(ho(t) + #())o(b — ) in Q,
0 in Q, (18)
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with ho and ¢ in L?(0,T). The system (18) is decomposed into two systems, free one and forced one. The free

system is given by the following equations

— 090 (4, ) + A*qo(t,x) = ho(t)5(b— =) in Q,
q@(T,z) = 0 in Q, (19)

g = 0 on X.

The forced system is given by the following equations

—%(t,l‘) + A*ql(tvaj) = @(t)a(b - CL‘) in Qv
a(T,z) =0 in Q, (20)
g =0 on X,

there is one function ¢ such that

@O lg 0 BT) = —q0|g, 0, E)ult,z) =0t)d(b— )

hence

9|/ (t,z) =0 and u(t,z) = p(¢)o(b — x)

q=qo+q.
Multiplying the equation (6) by ¢ and integrating by parts, we have
T T
/ (b 8)q(b, t)dt = / (ho + w)ysdt = 0
0 0

Let ym (¢, z) be a measured state of the system on the observatory {b} during the interval |0, T'[, then the measured

sentinel is given by

T
SnO) = [ (ho + w50 ) (21)
0
and we write
SO0, ™) = S(0,0) + A2-S(A, 7) + 250, 7) (22)
s T) = ) B3 » T )A=0,7=0 7—87_ 5 T)A=0,7=0,
where
T
5(0,0) = / (ho + ) (£)F(t, b)dt. (23)
0
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3.1. Estimate of the pollution terms
In this section, the objective is to estimate the pollution terms independently of the missing terms.

Theorem 3.1.
Under the hypothesis of the theorem 2.1, the pollution term of the system (5) is estimated independently of the
missing term by

Sm(A,7) = 5(0,0) = /O (h(t) + u(t)) (ym (¢, b) — §(¢, b))dt,

where § is the solution of (4) and ym is the observed state in {b} during the time interval [0,T].

Proof. Let S(X\, 7) be the sentinel defined by hg, from the equation (22), we can deduce :

)\%S()\, T) |)\:0,T:O = S()HT) - S(Ov 0)7

as we know that S(\,7) = Sy, (A, 7) in the point {b}, then we deduce from the equations (17) and (18) :

8 T T
D 5(07) [xcormo = / (ho + wyya (t, b)dt = / af (¢ b)dt,
o\ o o

thus

)\/T q(t,b)f(t,b)dzdt = Sm(X,7) — S(0,0)

/0 (ho + u)(ym (t,b) — y(¢,b))dt.

4. Weak sentinel

4.1. Formulation problem

For n = {2;3}, let Q be a bounded open subset of R™ with boundary dQ = T of class C?, T > 0, and let O be

an open non empty subset of Q. Set Q = (0,7) x Q, ¥ = (0,7) x ', U = (0,T) x O. We consider the parabolic

equation :
Y -Ay+fly) = €+r  in Q
y(0) = wyo+7% in Q (24)
y = 0 on

Where (.)" is the partial derivative with respect to time .

Remark 4.1.

The problem (24) admits a unique solution. For the sake of simplicity, we denote y(z,¢; X, 7) = y(A, 7).

One supposes that the data £ is rather regular, and that the terms of pollution ”that one wants to estimate” are
rather regular. It will be always supposed that the solution y check at least y € L? (9).
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Remark 4.2.
One will always indicate by yo the solution y (z,t;0,0) ; thus

Yo—Ayo+ f(yo) = & in  Q
Yo = 0 on X, (25)
¥(0) = yo in Q.

The problem considered here consists in trying to estimate )\g starting from observations, distributed or borders,
without seeking to estimate the term lack 77o.

One starts with a distributed observation, therefore a distributed sentinel.

4.2. The weak sentinel method

Definition 4.1.
(definition, existence and uniqueness of the sentinel)
Let h € L?(U) and for any control function u € L*(U), set

S\, T1)= /Q (h+u) xoy (x, t; A, 7) dxdt, (26)

the functional S is said to be weak sentinel if it satisfies the following conditions :
for all € > 0 there exists u € L*(I) such as

u € L*(U), of minimal norm. (27)
9.50,0)] < ¢ (28)
or [

Remark 4.3.

The function u = —h give place to (26) so that the problem (27, 28) admits a single solution, which is defined by
h.

The problem is thus :

(1) to calculate this solution ;

(2) to see whether the corresponding sentinel justifies its name, i.e. gives information on pollution .

4.2.1. Adjoint state

The adjoint state is introduced g by

—¢ —Aq+ f'(yo)g = (h+u)xo inQ,
g =0 on ¥, (29)

q(T) =0 in Q.

Where (.) is the partial derivative with respect to time t, h,u € L? (i) .

Remark 4.4.
System (29) is the adjoint parabolic problem. It appears under this form in J.L.Lions sentinels theory as the
associated adjoint state.
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We multiply (29) by y- and we integrate by parts, we have

(4(0),5o) = /Q (h+ u) xour (¢, A, 7) dedt,

yr is defined by

Ve — Ay +f (wo)y- = & in Q
y-(0) = % in Q,
yr = 0 on
So we get
50,0 = (4 0). 7o), (30)
so that (28) is equivalent to
||q(xv0)||L2(S‘z) <e (31)

There is thus business with a problem of the type ”approximate controllability with zero” .

4.2.2. The main result

The main result is the following

Lemma 4.1.
Let v € L? (U) . Then there is no p € L* (Q), p # 0 such that p satisfies

=o' =ADp+f(y)p = 0inQ,
p = 0onx, (32)
pxo = .

Proof.  If the problem (32) admits a solution, then it is given by
pla,t) = a;(t)uy (z). (33)
j=1

Where u; are eigenfunctions of
—Au = Au in €,
v =0 onl.
Differentiate the solution (34) once with respect to ¢ and twice with respect to = and substitute these derivatives

into the first equation of (32). We then obtain

ST (1) Ajay (1)) uy () = 0. (35)

Jj=1

oo

Thus,

o () — Njag (t) = 0. (36)
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Because (u;) form an orthonormal base of L? (Q). Furthermore, the function p satisfies the boundary conditions

if and only if

Z a; (t) uj (z) = vxo. (37)

As vyo € L? (Q) then

]

vX0 = Y (vX0, Us) 120y Us (¥) - (38)
j=1
Consequently
a; (t) = (X0, Uj) 120 - (39)

Finally, we have

—a; (t) + )\jOéj (t) = 0 in (07 T),

(40)
a; (t) = (vxo,u;) 20 -
Then the solution of the first order linear is given by
a; (t) = (VX0 Us) 120 €' (41)
Consequently, if the problem (32) admits a solution, it is necessarily in the form :
p(x,t) = Z (vx0,U5) 120y ety (z). (42)
j=1
We prove now that p ¢ L? (Q) . Indeed,
T 2 (T,
/ laj (12 dt = ‘<’UXO,’U/J‘>L2(Q)’ / it gt (43)
0 0
_ 2] -1 1 o
- ‘<”XO’“J'>L2<Q>’ [ﬁ T
But, ); is the eigenvalue of problem (34), then A\; — 0. Consequently,
Jj—>00
T
/ log; (B dt — oo. (44)
0 J——00

Which means that the series whose general term «; (¢) is not normally convergent. So, problem (32) admits no

solution. O
Theorem 4.1.

Fore >0, h € L? (U), there exists some control u and some state q such that (29) and (31) hold. Moreover, there
exists a unique pair (ixo,q) with U of minimal norm in L? (U), i.e. such that (29, 31) and (27) hold.
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Proof.  Let g be a solution of the system (29) and go a solution of the following system

—qo —Ago + f (yo)go = hxo inQ,
@ = 0 on X, (45)
o(T) = 0 in Q.
We put
q=qo+=2 (46)

Then, z is the solution of the following problem

-2 —Az+f'(yo)z = wuxeo inQ,
z = 0 on X, (47)
z(T) = 0 in Q.

We now introduce the set of states reachable at time 0 defined by
F(0) = {z(u,0) such as u € L2(L{)} . (48)

It is clear that JF (0) is a vector subspace of L? (Q). According to the HAHN-BANACH theorem, it will be
dense in L? (Q) if and only if its orthogonal in L? (Q) is reduced to zero. As {0} C F= (0), it remains to show

that F* (0) C {0} . Let p° € FX(0), then

<p0, z (0)>L2(Q) = /onz (0)dz = 0. (49)

Where z is solution of (47). It is therefore natural to define the adjoint p of z, this is the solution of the following

problem
0 =Ap+f(yp)p = 0 inQ,
p(0) = p° inQ, (50)
p = 0 onX.

Where p is solution of (50).

Now we multiply the first equation of system (47) by p. After integration by parts in Q, it comes

0 = //QX((LT)P(_z’_Az—Q—f’(yo)Z) dwdt—l—/Qp(T)z(T) dx (51)

0z ap 0
—|—// —th—// —zdth—/ 2(0)dx.
Fx(O,T)paV I'x(0,T) ov Qp ©

Since z and p are solutions of (47) and (50) respectively, (51) becomes

// puxodzdt = 0. (52)
2x(0,T)
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Therefore, p satisfies (50) and (52) and by applying Lemma 4.1, we deduce that
p=0 in Q.
As a consequence, p° = 0 which shows that F* (0) = {0}. O

4.3. Characterization of optimal control

In this section, we will characterize the optimal control using a result of Fenchel-Rockafellar duality.

The optimality system satisfied by (@, q) is established. Let p° € L? (€2) and p the associated solution of

p=Dp+f(yw)p = 0 ingQ,
p(0) = p° inQ, (53)
p = 0 onX.

We now introduce the functional J. defined by

1 /T T
Je (po) = 5/0 /O s dmdt—i—e”pOHLz(m —I—/O /(;phdacdt. (54)

Consider the following unconstrained problem

min Je (po) ,
CARR (53)
p € L*(Q).
Then, we have
Proposition 4.1.
The functional Je defined in (54) is coercive.
Proof.  To prove that J. is coercive, it suffices to show the following relation :
Je (p°
@) . (56)

im —r 2
12°1] L2 ) o0 %0 220

0

Let (p}) C L? (2) be a sequence of initial data for the adjoint system (53) with ||p} — 0o. We normalize

HL2(Q)

them as follows

0
P = (57)
HijL2(Q)

So Hﬁ?HLz(Q) < 1. On the other hand, let p; be the solution of (53) with initial data ﬁ? Then, we have

0 T
Jg (k9) = 1 / / (1 lp;° + pjh> dxdt + € (58)
5N 2y A5l 2y Jo Jo \2

r 1
/ / Pj (*pj + h) dxdt + e.
o Jo 2
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We now show that the last integral in equation (58) is bounded. Indeed, we know that p; is the solution of the

problem
—Apj+f'(y)p; = 0 in Q
pi = 0 on X,
pi(0) = pj in Q

Multiplying the first equation of system (59) by p; then integrating by parts on Q, yields

T
1
0

1
5 ”P?Hi?(n) + |ij||2L2(Q) :

By the Poincaré inequality, (60) becomes,

2 2 1 02
Co ||PjHL2(Q) < Hvﬂj||L2(Q) < by HPJ'HLz(Q)-

Now, by Cauchy Schwartz inequality, one finds

/ / dedt < C’lm.
1169112 ) H 12911 12 e

L2(9)

From (61), (62), we conclude that

/ / P dpdt < C.
||PJHL2

(@)
Returning to relation (58), two cases can occur :

1. fOT Jo pidzdt > 0. In this case, we immediately obtain

Je (5)

I — +00
”p?HLQ(Q) Hp?||[,2(g)'_>+oo

(61)

(62)

(63)

(64)

2. fOT fo ﬁ?dmdt = 0.In this case, since (ﬁ?)J is bounded in L? (Q), we can extract a subsequence (,5?)] such that

79 — ¢° weakly in L? (),
p; — v weakly in L* (0,T; Hj () .

(65)

Where 1 is solution of system (53) with initial data ¥°. Moreover, by lower semi continuity of the norm, it comes

T T
/ /\w\zdxdtgliminf/ /|5j|2dxdt:0.
0 (@) 0 O

Therefore,

Yv=0 in Ox(0,7T).

(66)

(67)
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And as 1 is solution of (53), and in view of (67), we have
$=0 in Qx(0,T).

Thus,

p; — 0 weakly in L (0,7 Hy () .

Moreover, from inequality (61), we deduce that (W) is bounded in L? (O,T; H} (Q)) . Hence
ilL2@) j

P g L2 (0,75 HY () -
||pj”L2(Q)
But,
~ Pj
pj= 1l 0.
’ HngL2(Q)

From (70) and (71), we conclude that

€ —AE+f (y)€=0 in L*(Q).

So by Lemma 4.1, it comes

E=0 in Q
As a consequence,
. Pj
SR
But,
Je (00 T
- () _ - / / (1 \pj|2+pjh) dadt + .
150 2y P51l 2y Jo Jo \2
Thus,
0
lim inf M > e

Jr—teo HngL2(Q)

Hence relation (56) is satisfied.

Theorem 4.2.
Problem (55) has a unique solution p° € L* (Q). Furthermore, if p is the solution of (53) associated to p°,
(w = p,q) is solution such that (58), (60) and (56) hold.

Proof.  As J. attains its minimum value at p° € L? (Q2), then, for any ¢° € L? (Q) and any € R we have

Je (7°) < Je (3" +1¢°) = Je (p° +r¢°) — Je (B°) > 0.

(68)

(71)

(72)

(73)

(75)

then

(77)
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On the other hand,
T 1 R
Je () :/ /o (5 \ﬁ]2+ph> dxdt+e]|ﬁOHL2(m.
0

1 T N 2 T
I (7 + ) = 5/ /|p\2dxdt+%/ /|1/J|2d:cdt (78)
0 (@] 0 (@)
T ~0 0
—|—r/ /pqua;dt+\@|{p +re Hmn)
0 (@)

+/OT/Oh(ﬁ+m/))dxdt.

Substituting (78) in (77) and after simplifications, we find

o
IN

Je (7" +1v°) = J2 (7°) (79)

2

r T 2 -0 0 50
0 < 3/O /O|w| d:cdt-l—e[”ﬁ +ry ||L2(Q)_ ||p HL2(Q)]

+T/OT/O¢;(5+ h) dadt.

On the other hand,
HIBO +T¢0HL2(Q) - HﬁOHLZ(Q) < |rf. HwOHLQ(Q) : (80)
From (79) and (80), we obtain for any ¢° € L? (Q) and r € R,
2 T T
0< 7/ / WP dadt + €r]. [0 2 0 +r/ / (P4 h) dudt.
2 Jo Jo 0o Jo
Dividing by r > 0 and by passing to the limit » — 0, we obtain

T
e HonLz(Qﬁ/ /(Dw(ﬁ+h)dwdt20.
0

The same calculations with r < 0 give

T
/ /Ow(ﬁJr h) dmdt‘ <e |{¢°|{L2(m vy e L (Q).
0

so if we take U = pxo in (58) and we multiply the first equation of the system (58) by v solution of (53) and we

get after integration by parts over Q,

T
/ q(0)°dx = / / (h + p) pdadt. (81)
Q 0o Jo
It comes from the last two relations:
V 9(0)y°dz| < €[|9°]] g V0" € L7 ().
Q
Consequently,

||‘Z(3370)||L2(Q) <e (82)
O
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4.4. Use of the concept of sentinel : Detection of pollution and furtivity

It is noted that

05 9s
SO = 8(0,0)+ A5 (0,0)+ 75> (0,0).

And

observation of y = yxo = function mo (z,t) of L? (O x (0,T)).
With the notation (62) for the observation of y, and while using (55), one thus has

) // oS
A—(0,0) ~ h 4+ u) modzdt — S (0,0) — 7— (0,0) .
0= [ [ wm (0,0) - 52 (0,0)

Such as

S(0,0) = / / (h + u) yodadt.
Ox(0,T)
But

/\g (0,0) = // (h + u) yadzdt.
OA Ox(0,T)

In (85), yx is defined by

YA—Ayn+ f (yo)yr = € in Q
ypa(0) = 0 in
y» = 0 on

By multiplying the corresponding equation (29) by ya, one finds, after integration by parts, that

oS // ~
— (0,0) = go&dxdt.
OA ( ) Ox(0,T) !

Consequently

~ a8
// (go + 2) {)\5} dxdtz// (h+ p) (mo — yo) dmdt—Ta—
0x(0,T) 0x(0,T) T

So

// Qo {)\EA} dmdtz// (h+ p) Imo — yo| dzdt + Te.
Ox(0,T) Ox(0,T)

the quantity (89) which is estimated by the 1st member of (83).

Pollution )\E is furtive for the sentinel defined by h if

//cox(o,T) % {AE} dadt = 0.

There are thus always furtive pollution for a sentinel.

(3.2)

(85)

(89)

(90)
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5. Conclusion

In this work we present the weak and pointwise sentinel to estimate the pollution term in diffusion equation
when the state governed by unknown datum and missing initial condition when the classical approach of sentinel
method gives us information related to the missing data for this we try to avoided this problems by notion of

control. This method can be also used in pointwise sentinel and weakly sentinel.
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