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1. Introduction

Integrals have been an ongoing topic in the mathematical analysis since they have been discovered. Integrals are

widely used in evaluation of various series, see [2],[5],[9],[11]. Many books have been written about them, see

[3],[10]. The topic we will discuss today are integrals with fractional part. Some of them can be found here [4],[8].

In this paper we give a generalization of the integral of the fractional part, both in terms of the arbitrary power

which occurs in the integrand and in terms of the amout of integrals, many integrals involving fractional part

can be found here [6]. The recursive sequence is found that links every integral of the sequence with the integral

defined as Cn in the introductory.

We give our first important and well known definition

Definition 1.1.
The function {} denotes the fractional part of a function, the function bxc denotes the greatest integer less than
or equal to x. They are related to the function variable in the following relation

{x} = x− bxc.

More about the usage of the fractional and integer part as a function, see [7].
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Generalized order n fractional integrals

Let us give a few examples of the fractional part function.

a) {π} = 0.14....

b) {2.25} = 0.25

Now a few examples of the integer part.

a) b4.5c = 4

b) bπc = 3

Let us define the integral sequences we will discuss.

Definition 1.2.
The sequence Cn is defined in the following way

Cn =

∫
· · ·
∫

Vn−1[0,1]

∫ +∞

1
x2...xn

{
q

yk

}
ym−2 dydxn...dx2

x2x3...xn
.

The sequence In is given by

In =

∫
· · ·
∫

Vn[0,1]

{
q

(
xnxn−1...x2

x1

)k }(
x1

xnxn−1...x2

)m
dxndxn−1..dx1.

The next definition will be extensively used in solving the single and double fractional part integrals.

Definition 1.3.
The Hurwitz zeta function, see [1] is defined for <(s) > 1 and a 6= 0,−1,−2.. by

ζ(s, a) =

+∞∑
n=0

1

(n+ a)s

The next definition is used to give a closed form of the Cn integral.

Definition 1.4.
The upper incomplete gamma function, see [1] is defined as

Γ(s, x) =

∫ +∞

x

ts−1e−tdt

where s is a complex parameter, whose real part is positive.

In the next section we begin with the simplest form of the integral we will discuss.

2. Main results

First Theorem of our paper plays a role in evaluating the I2 integral.
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Theorem 2.1.
The following equality holds for k ∈

(
0, 1

2

)
, q ∈ N

∫ 1

0

{
q

xk

}
dx

=

(
k

k − 1
ζ

(
−1 +

1

k
, 1 + q

)
+ kζ

(
−1 +

1

k
, 1 + q

)
− kζ

(
1

k
, q + 1

))
q

1
k

k

+

(
− k

k − 1
ζ

(
−1 +

1

k
, q

)
− kζ

(
−1 +

1

k
, q

))
q

1
k

k
.

Proof. Let us observe the integral ∫ 1

0

{
q

xk

}
dx.

We introduce a substitution q

xk
= t which gives us

∫ 1

0

{
q

xk

}
dx =

q
1
k

k

∫ +∞

q

{t}
t1+

1
k

dt

Let us call a constant q
1
k

k
c to minimize the clutter in the formulas. We need to get rid of the fractional part,

therefore we write it in terms of the sum and the integral as follows

∫ 1

0

{
q

xk

}
dx = c

+∞∑
m=q

∫ m+1

m

t−m
t1+

1
k

dt

We will focus ourselves onto the integral evaluation and then sum each expression we get.

∫ m+1

m

t−m
t1+

1
k

dt =

(
k(t+ (k − 1)m)

(k − 1)t
1
k

)∣∣∣∣m+1

m

=
k(m+ 1 + (k − 1)m)

(k − 1)(m+ 1)
1
k

− k (m+ (k − 1)m)

(k − 1)m
1
k

=
k(m+ 1)

(k − 1)(m+ 1)
1
k

+
mk

(m+ 1)
1
k

− km1− 1
k

(k − 1)
− km1− 1

k

Summing each of the expressions and multiplying all of them with the constant c = q
1
k

k
we get that

∫ 1

0

{
q

xk

}
dx =

(
k

k − 1
ζ

(
−1 +

1

k
, 1 + q

)
+ kζ

(
−1 +

1

k
, 1 + q

)
− kζ

(
1

k
, q + 1

))
q

1
k

k

+

(
− k

k − 1
ζ

(
−1 +

1

k
, q

)
− kζ

(
−1 +

1

k
, q

))
q

1
k

k
.

The proof is done.

We give our first corollary.
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Corollary 2.1.
Setting k = 1

3
and q = 2 in Theorem 2.1 we get

∫ 1

0

{
2

x
1
3

}
dx

= 24

(
−ζ(3, 3)

3
+

1

2

(
π2

6
− 1

)
+

1

3

(
π2

6
− 5

4

)
+

1

3

(
1− π2

6

)
+

1

2

(
5

4
− π2

6

))
= 1− 8ζ(3, 3).

The following Theorem will be used in evaluating the I2 integral.

Theorem 2.2.
The following equality holds for
1. q ∈ N, k > 0,m < 1
2. q ∈ N, k < 0,m > 1 ∫ ∞

1

{
q

xk

}
xm−2dx

=

( q∑
l=1

−k ((m− 1)l − (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)l
m−1
k

+

q∑
l=1

k ((m− 1)(l − 1)− (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)(l − 1)
m−1
k

)
· q

m−1
k

k
.

Proof. Observing the integral ∫ ∞
1

{
q

xk

}
xm−2dx.

Introducing a substitution q

xk
= y we get

∫ ∞
1

{
q

xk

}
xm−2dx =

q
m−1
k

k

∫ q

0

{y} 1

y
k+m−1

k

dy

Calling q
m−1
k

k
a constant c to minimize the clutter. Writing it as a sum and taking a fractional part, we get

∫ ∞
1

{
q

xk

}
xm−2dx = c

q∑
l=1

∫ l

l−1

y − l + 1

y
k+m−1

k

dy

Focusing onto the integral, we get

∫ l

l−1

y − l + 1

y
k+m−1

k

dy = −
(
k((m− 1)y − (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)y
m−1
k

)∣∣∣∣l
l−1

= −k((m− 1)l − (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)l
m−1
k

+
k((m− 1)(l − 1)− (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)(l − 1)
m−1
k
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Now summing each of the terms we get the result

∫ ∞
1

{
q

xk

}
xm−2dx =

( q∑
l=1

−k ((m− 1)l − (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)l
m−1
k

+

q∑
l=1

k ((m− 1)(l − 1)− (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)(l − 1)
m−1
k

)
· q

m−1
k

k

The proof is done.

Corollary 2.2.
Setting m = 1

2
, q = 2, k = 6 in the last Theorem, we get

∫ ∞
1

{
2

x6

}
x

1
2
−2dx =

12− 132 12√2
13

6 12
√

2
= 0.195441

The following Theorem is part of the I2 integral.

Theorem 2.3.
The following equality holds for
1. k = 1

2
,m > 0

2. k > 1
2
, 0 < m < k

2k−1

3. 0 < k < 1
2
,m > 0

4. 0 < k < 1
2
,m < k

2k−1

5. 0 < k, 0 < m < k
2k−1 ∫ 1

0

{
q

xk

}
xmdx

=

(
km

((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, 1 + q

)

+
km(k − 1)m

(m+ k)((k − 1)m− k)

(
ζ

(
1

k
+

1

m
− 1, q + 1

)
− ζ

(
1

m
+

1

k
, q + 1

))

− k2m

(m+ k)((k − 1)m− k)

(
ζ

(
1

k
+

1

m
− 1, q + 1

)
− ζ

(
1

m
+

1

k
, q + 1

))

− km

((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, q

)
− k(k − 1)m2

(m+ k)((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, q

)

+
k2m

(m+ k)((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, q

))
· q

1
k
+ 1
m

k

Proof. The proof is similar to the proof we gave in Theorem 2.1 therefore it is omitted.

The following Theorem represents the I2 integral.
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Theorem 2.4.
The following equality holds for
1.k ∈ (0, 1],m ∈ (0, 1)
2.k ∈ (1,+∞),m ∈ (0, k

2k−1
)

3.k ∈ (0, 1
2
),m ∈ (0, k

2k−1
) ∫ 1

0

∫ 1

0

{
q
( y
x

)k }(x
y

)m
dydx

=
1

2

(( q∑
l=1

−k ((m− 1)l − (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)l
m−1
k

+

q∑
l=1

k ((m− 1)(l − 1)− (l − 1)m+ (k + 1)l − k − 1)

(m− 1)(m− k − 1)(l − 1)
m−1
k

)
· q

m−1
k

k

)

+
1

2

((
km

((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, 1 + q

)

+
km(k − 1)m

(m+ k)((k − 1)m− k)

(
ζ

(
1

k
+

1

m
− 1, q + 1

)
− ζ

(
1

m
+

1

k
, q + 1

))

− k2m

(m+ k)((k − 1)m− k)

(
ζ

(
1

k
+

1

m
− 1, q + 1

)
− ζ

(
1

m
+

1

k
, q + 1

))

− km

((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, q

)
− k(k − 1)m2

(m+ k)((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, q

)

+
k2m

(m+ k)((k − 1)m− k)
ζ

(
−1 +

1

k
+

1

m
, q

))
· q

1
k
+ 1
m

k

)
Proof. Observing the integral ∫ 1

0

∫ 1

0

{
q
( y
x

)k }(x
y

)m
dydx.

We make a substitution x
y

= t from which we get

∫ 1

0

∫ 1

0

{
q
( y
x

)k }(x
y

)m
dydx =

∫ 1

0

x

∫ +∞

x

{
q

tk

}
tm
dt

t2
dx

We will perform partial integration taking

f(x) =

∫ +∞

x

{
q

tk

}
tm
dt

t2
, f
′
(x) = −

{
q

xk

}
xm−2, g(x) = x,

∫
g(x) =

x2

2

we get ∫ 1

0

∫ 1

0

{
q
( y
x

)k }(x
y

)m
dydx =

(∫ +∞

x

{
q

tk

}
tm
dt

t2
· x

2

2

)∣∣∣∣1
0

+
1

2

∫ 1

0

{
q

xk

}
xmdx

=
1

2

∫ +∞

1

{
q

tk

}
tm−2dt+

1

2

∫ 1

0

{
q

xk

}
xmdx

Substituting Theorems 2.2 and 2.3 the result follows. The proof is done.

Corollary of the previously derived Theorem is given.

76



V.Stojiljković

Corollary 2.3.
Setting q = 2, k = 1

3
,m = 1

6
we get that

∫ 1

0

∫ 1

0

{
2
( y
x

) 1
3

}(
x

y

) 1
6

dydx = 0.587629 ∼ 77 lnπ

150

The following Theorem gives a recursive sequence used to calculate In for arbitrary n.

Theorem 2.5.
The following relation holds for n ≥ 3 and in the following cases
1.k ∈ (0, 1],m ∈ (0, 1)
2.k ∈ (1,+∞),m ∈ (0, k

2k−1
)

3.k ∈ (0, 1
2
),m ∈ (0, k

2k−1
)

In =

∫
· · ·
∫

Vn[0,1]

{
q

(
xnxn−1...x2

x1

)k }(
x1

xnxn−1...x2

)m
dxndxn−1..dx1

=
1

2
In−1 +

1

2
Cn−1.

Proof. Let us consider the integral

In =

∫
· · ·
∫

Vn[0,1]

{
q

(
xnxn−1...x2

x1

)k }(
x1

xnxn−1...x2

)m
dxndxn−1..dx1

We will introduce a substitution x1
xn...x2

= y which gives us

In =

∫ 1

0

x1

∫
· · ·
∫

Vn−2[0,1]

∫ +∞

x1
x2...xn−1

{
q

yk

}
ym−2 dydxn−1...dx1

x2...xn−1

Performing partial integration while taking

f(x1) =

∫
· · ·
∫

Vn−2[0,1]

∫ +∞

x1
x2...xn−1

{
q

yk

}
ym−2 dydxn−1...dx2

x2...xn−1
, dv = x1dx1

we get that

In =

x21
2

∫
· · ·
∫

Vn−2[0,1]

∫ +∞

x1
x2...xn−1

{
q

yk

}
ym−2 dydxn−1...dx2

x2...xn−1

∣∣∣∣1
0

+
1

2

∫
· · ·
∫

Vn−1[0,1]

{
q

(
xn−1xn−2...x2

x1

)k }(
x1

xn−1xn−2...x2

)m
dxn−1dxn−2..dx1

=
1

2
Cn−1 +

1

2
In−1
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The following Theorem simplifies the evaluation of the Cn integral and makes the recursive relation much more

useful.

Theorem 2.6.
Let Cn denote the following integral

Cn =

∫
· · ·
∫

Vn−1[0,1]

∫ +∞

1
x2...xn

{
q

yk

}
ym−2 dydxn...dx2

x2x3...xn
.

Then the following equality holds.

Cn =

∫ 1

0

lnn−1(x2)

(n− 1)!
· (−1)n−1

(
1

x2

)m{
qxk2

}
dx2

Proof. We will need the following Lemma.

Lemma 2.1.
The following equality holds

Cn =

∫ 1

0

lnl(x2)

l!
(−1)l

∫
· · ·
∫

Vn−l−1[0,1]

(
1

x2...xn−l+1

)m{
q(x2...xn−l+1)k

}
dxn−l+1...dx2.

Proof. We will prove the Lemma by induction on l.
Base: for l = 1 we have

Cn =

∫ 1

0

1

x2
...

∫ 1

0

1

xn

∫ +∞

1
x2...xn

{
q

yk

}
ym−2dydxn...dx2

We will prove it using partial integration.

Taking f(x2) =
∫ 1

0
....
∫ 1

0
1
xn

∫ +∞
1

x2....xn

{
q

yk

}
ym−2dydxn...dx3 and dv = dx2

x2
.

From partial integration we get

Cn = −
∫ 1

0

ln(x2)

∫
· · ·
∫

Vn−2[0,1]

(
1

x2...xn

)m{
q(x2...xn)k

}
dxn...dx2

which is true since putting l = 1 in the Lemma the expression follows.
Induction hypothesis: Let us assume that the formula is valid for 1 ≤ l ≤ n− 1 then from the induction hypothesis
the formula is valid for l + 1.
Inductive step: Using a substitution p = 1

(x2...xn−l+1)
on the hypothesis

Cn =

∫ 1

0

lnl(x2)

l!
(−1)l

∫
· · ·
∫

Vn−l−1[0,1]

(
1

x2...xn−l+1

)m{
q(x2...xn−l+1)k

}
dxn−l+1...dx2

we get

Cn =

∫ 1

0

lnl(x2)

x2l!
(−1)l

∫
· · ·
∫

Vn−2−l[0,1]

∫ +∞

1
x2...xn−l

pm−2

{
q

pk

}
dpdxn−l...dx2
x3...xn−l
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Doing partial integration while taking

f(x2) =

∫
· · ·
∫

Vn−2−l[0,1]

∫ +∞

1
x2...xn−l

pm−2

{
q

pk

}
dpdxn−l...dx3
x3...xn−l

dv =
lnl(x2)dx2

x2
· (−1)l

l!

we get that

Cn =

∫ 1

0

lnl+1(x2)

(l + 1)!
· (−1)l+1

∫
· · ·
∫

Vn−(l+1)−1[0,1]

(
1

(x2...xn−l)

)m{
q(x2...xn−l)

k

}
dxn−l...dx2

Which is the induction hypothesis for l + 1 and therefore the formula is true.

Taking l = n− 1 in the Lemma

Cn =

∫ 1

0

lnl(x2)

l!
(−1)l

∫
· · ·
∫

Vn−l−1[0,1]

(
1

x2...xn−l+1

)m{
q(x2...xn−l+1)k

}
dxn−l+1...dx2.

We get the statement of the Theorem

Cn =

∫ 1

0

lnn−1(x2)

(n− 1)!
· (−1)n−1

(
1

x2

)m{
qxk2

}
dx2.

The theorem is proved.

We proceed to give a simplified expression for the Cn.

Theorem 2.7.
The following equality holds

Cn =
(−1)n−1

(n− 1)!

q
m
k
− 1
k

kn

q∑
l=1

∫ l

l−1

(ln s− ln q)n−1(s− l + 1)

s
m+k−1

k

ds

Proof. We begin with the form

Cn =

∫ 1

0

lnn−1(x2)

(n− 1)!
· (−1)n−1

(
1

x2

)m{
qxk2

}
dx2.

Setting qxk2 = s we get

Cn =
(−1)n−1

(n− 1)!

∫ q

0

(
ln

((
s

q

) 1
k

))n−1((q
s

) 1
k

)m {s}
ks1−

1
k q

1
k

ds

Using the same idea as in Theorem 2.2 of rewriting the integral as a sum of integrals we get

Cn =
(−1)n−1

(n− 1)!

q
m
k
− 1
k

kn

q∑
l=1

∫ l

l−1

(ln s− ln q)n−1 (s− l + 1)

s
m+k−1

k

ds.
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For arbitrary n ∈ N the integral in question evaluates at

∫
(s− l + 1)(ln s)n

s
m+k−1

k

ds

= k(ln s)n

 (l − 1)
(

(m−1) log(s)
k

)−n
Γ
(
n+ 1, (m−1) log(s)

k

)
m− 1



+k(ln s)n


(

(−k+m−1) log(s)
k

)−n
Γ
(
n+ 1,− (k−m+1) log(s)

k

)
k −m+ 1


where Γ(a, x) is the incomplete gamma function.
The theorem is proved.

The following Corollary shows the usage of the recursive relation.

Corollary 2.4.
Let us employ the Theorems we have derived. From Theorem 2.5 we have the following relation and conditions
1.k ∈ (0, 1],m ∈ (0, 1)
2.k ∈ (1,+∞),m ∈ (0, k

2k−1
)

3.k ∈ (0, 1
2
),m ∈ (0, k

2k−1
)

In =
1

2
In−1 +

1

2
Cn−1.

Let us set k = φπe,m = 2φπe
4φπe−1

, q = 2, n = 3., where e is Eulers constant, φ golden ratio. From the relation in
Theorem 2.5 we get

I3 =
1

2
I2 +

1

2
C2

We recall the Thereom 2.4 for the I2 integral , setting values there. For C2 integral we refer to the Theorem 2.7,
setting values there

Cn =
(−1)n−1

(n− 1)!

q
m
k
− 1
k

kn

q∑
l=1

∫ l

l−1

(ln s− ln q)n−1(s− l + 1)

s
m+k−1

k

ds.

The result is ∫ 1

0

∫ 1

0

∫ 1

0

(
x

yz

) 2πφe
4πφe−1

{
2
( zy
x

)πeφ}
dxdydz = 0.106598

We omit the calculations due to the obvious reasons.

3. Conclusion

1. Generalized fractional integral of the order n is obtained. The simplification of the Cn makes the recursive

relation much more useful.

2. Questions about whether other forms of the generalized fractional integral are obtainable arise.

3. We checked all the numerical results with Wolfram Alpha in order to be sure.
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