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1. Introduction

The name copula was introduced by Sklar [17] which means to connect or to join. Its sole purpose is to describe
the interdependence of several random variables [16]. A copula is a joint distribution function of the uniform
marginals [10]. When marginals are uniform, they are independent. This implies a flat probability density function
and any deviation will indicate dependency [2].

One of the most important roles of the copula was effective to describe the correlation when dealing with big data
sets the dependence of multivariate distributions with any kind of marginal distribution. The notion of copulas

became increasingly popular and of the most important roles of the copula was effective to describe the correlation
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when dealing with big data sets. The main reason for this increased interest has to be found that it is useful in
a variety of modeling situations and has been applied in wide areas such as quantitative risk management [5],
econometric modeling [11], environmental modeling [15] [13].

In this study, a Farlie-Gumbel-Morgenstern (FGM) copula is considered in constructing a bivariate pdf that
accounts for dependence between two random variables. Let Fx(x) and Fy (y) be the distribution functions of
the random variables X and Y, respectively, and 6, —1 < 6 < 1, then the joint probability density function or

FGM copula density of X and Y is given by

fxy(@y) = fx(@)fy(y) [L +0(2Fx (z) — 1)(2Fy (y) — 1)] (1)

where fx(z) and fy (y) are the pdf’s of random variable X and Y, respectively. The parameter ¢ is known as the
dependence parameter of X and Y.

The FGM copula was first proposed by Morgenstern [6]. According to [18], the FGM copula is a perturbation of
the product copula; if the dependence parameter 6 equals zero, then the FGM copula collapses to independence.
It is attractive due to its simplicity. However, it is restrictive because this copula is only useful when dependence
between the two marginals is modest in magnitude.

Several researchers studied on obtaining exact distributions on the sum, product and quotient of some known
bivariate distributions (see [7], [8], [9], [3]) obtained the product and ratio of independent generalized gamma-ratio
random variables, random variables with Singh-Maddala [4], Lomax [1] and Inverse Burr [12] were also studied
based on FGM copula. However, the researchers of this study used a bivariate Inverse Paralogistic distribution
based on FGM copula. As to our knowledge, there is still no research done on this marginal.

The paper is organized as follows. Section 2 is devoted to derivations of explicit expressions for the pdfs of, V =
XY, W =X/Y, and Z = X/(X + Y), respectively, while section 3 is devoted to the derivation of raw moments of
all pdfs obtained in section 2.

The calculations of this paper involve several special functions. These include the incomplete beta function

B.(a,b) :/ 11— 0P,
0

and, the Gauss Hypergeometric function

> a)k b kmk

where (e)r, = e(e+1)---(e+ k — 1) denotes the ascending factorial. The following results which can be found in

[8] are needed in the subsequent discussions.
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Lemma 1.1.
For any p > a > 0,

[=S] a—1
s oy B
/0 mds =z B(Oé,p a), FAS R, (2)

where

1
B(a,b) :/ N1 —2)" e
0

fora >0 and b > 0 is the beta function.

Lemma 1.2.
For0<a<p+ A,

/ 2 Hx+y) P (z+2) Nda
0

3)
=2y "B(a,p+ A — ) F} (a, Ap+ A1 — %) .
2. Probability Density Functions
If X and Y follows Inverse Paralogistic distribution then the pdf has the form
2(£)7—2
. — 0 .
fX(x707T) - $[1+(%)T]T+l ’ I7T70>0 (4)
and
T2(g)72
0,7) = ——0 ; , 7,0 >0 5
fY(y ) y[l_’_(%).,-]7-+1 Y ( )
respectively, for positive values of x and y and the cdf of these distribution are known to be
Fx(z;0,7) = (%)T ; z,7,0 >0 (6)
1+ (5)7
and
Fy (y;0,7) = (i)f ;YT 0>0 )
1+ ()7

The following result is the joint pdf constructed from F-G-M copula using Inverse Paralogistic distribution as

marginals.

Theorem 2.1.
If X andY follows Inverse Paralogistic distribution, then the joint pdf of X and Y is given by

forx,y >0 and fxy(z,y;T, 0;5 = 0 elsewhere with parameters 7,0 > 0 and || <1
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Proof.  Plugging-in Equations (4),(5),(6) and (7) in Equation (1), we have

It can be shown that (8) is nonnegative.

To show that
/ / Ix v (x,y;7,0; p)dedy = 1
o Jo

Observed that
Similarly,

then it follows that

/ / fxy(z,y;7,0; p)dzdy = 1
o Jo
Therefore, fx,v(z,y;0,7;p) is indeed a pdf . O

Figure 1 shows the graph of Equation (8) for specific values of 6 =2, 7 = 0.5, and p = 0.5.

Figure 1. Graph of the pdf in (8)




Marvin G. Pizon , Jayrold P. Arcede

Theorem 2.2.
If X and Y are jointly distributed according to Equation (8), then the pdf of V. = XY is given by

. _ - 027’
fv(v;0,75p) = 7°0%0 (1+7) A+ p)B(r+1,7+ 1)k <T + 1,7+ 1;27r+2;1— U—T)

27
—2pB21+ 1,7+ 1)2F1 <27’+ 1,74+ 1;3r+2;1 — 9—)

uT

zUT

27
—2pB(t+ 1,27+ 1)2F4 <T+ 1,27+ 1;31+2;1 — 9—)
027’
+4pB2T + 1,21 + 1) F1 (27 + 1,27+ 1;47+2;1 — F)

for 0 < v< 0.

Proof.  From (8), the joint pdf of (X, V) = (X, XV) and applying the Rohatgi and Saleh well-known result
(Theorem 3, p.139-140), becomes

Fo (030,75 ) = / T e ey (2023 0,7 ) (10)

For simplicity, we write
Fo(0:0,750) = (1+ p)U(L, 1) — 2pW(2,1) — 2p¥(1,2) + 4p¥(2, 2) (11)

where U(h, k), for h,k € {1,2} is defined as follows

(7_2)2,Uk72—1

6k72 -7

\I/(h7 k) — / .’EhT2+771(CL’T + 07‘)7(h7'+1)(x7' + (U/Q)T)f(k‘r#»l)d:u
0

Substituting u = z”, the integral ¥(h, k) can be written as

2
—1
TS,UkT

b
U(hk)=——5—lim [ o"" 7 u4+67) " (44 (v/6)T) T D gy, (12)

0k72_1 b—oo J

By Lemma 1.2, Equation (12) reduces to

3, kr2—1 b
\I/(h, k;) = 7_0’:77271 . bli{go ; uh7+1—1(u + 97’)—(h‘r+1)(u + (U/G)T)—(k7+1)du
7_3027'

= Wﬁ(hT + 1L, kr + DoF(hr + 1, kr 4+ 1 hr + kr + 2,1 — (027 /v7))
Thus, the integral in Equation (11) can be simplified as follows:
(D ¥(1,1) =700 B+ 1,7+ 1)y (r +1,7+1;274+2;1 — ?)
(2)0(2,1) =200 I BRr + 1,7+ 1)y (27’ + 1,7+ 1;37+2;1— evi:)
(3)¥(1,2) = 7°0* v I B(r + 1,27 + 1) F (T + 1,27+ 1;37 + 251 — evi:)

2T
(D) W(2,2) = 72600 T B2r +1,2r + 1) Fy (27 + 1,274 1;47 4+ 2;1 — 9—)
/UT

And by substituting the results of (1)-(4) to Equation (11), the results follow. O
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Figure 2. Graph of the pdf in (9)
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Figure 2 shows the graph of Equation (9). Each plot contains three curves corresponding to selected values of 6
and 7. The effect of the parameters is evident.

Theorem 2.3.
If X and Y are jointly distributed according to 8, then the pdf of W = X/Y is given by

o 0\
fw(w;0,7:0) = 7° |(1+ p)w™ " TV B(27,2) 2 Fy (27'7T+1§27‘+2;1_ (ﬁ)

— 2pw7(T2+1)B(37’7 2) o F (37',7"1‘ L37+2;1— (%)7)
) (13)
. 7(272+1) . 1l — | — !
2pw B(31,2) 2 Fy (37',27'+1737'+2’1 (wz) )

T apw CT BT, 2) o Fy (47, 27 + 1,47 +2;1 —

for 0 <w < oo.
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Proof.  From (8), the joint pdf of (X,Y) = (X X) and applying the Rohatgi and Saleh well-known result

'Y

(Theorem 3, p.139-140), becomes
fw (w; 0,7 p) = /00o yfxy (yw,y; 0,73 p)dy
For simplicity, we write
fw(w;60,7;0) = (14 p)T(1,1) —2p¥(2,1) — 2pU(1,2) + 4p¥(2,2)

where U(h, k), for h,k € {1,2} is defined as follows

22 —(rt)g2r [ hrPikr?od g7\ Tt —(kr+1)
W(h k) = (7%)%w ™ THDg y <y (9 ) (y o ) "
0

Substituting u = y”, the integral ¥(h, k) can be written as

b—oo

3 —(7+1)p27 . b hT+kT—1 A A T ~(rtn)
U(h, k) =7m°w 6" - lim u u+(—> u+0 du
0 w

By Lemma 1.2, Equation (16) reduces to
3 _(kr2+1) 0\
W(h, k) = 72w B(hr + kr,2)2F ( hr + kr, bt + L hr + kr +2;1 — (w—)
Thus, the integral in Equation (15), can be simplified as follows:

1) ,1) =Pw TTIB@2r2) SR (27, 412 21— (—)T)
2)w(2,1) = Pw THIB(37,2) o R <3T,7‘ F1;3r+ 21— (w—)
(3)w(1,2) = 73w7(272+1>3(3r, 2) oF (37'7 21+ 1,37+ 2;1 — (

() 0(2,2) = 0w P BUN2) LR (47, 27 + ;47 +2;1 —

And by substitution of (1)-(4) to Equation (15), the results follow.

O

Figure 3 shows the graph of Equation (13). Each plot contains three curves corresponding to selected values of 6

and 7. The effect of the parameters is evident.
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Figure 3. Graph of the pdf in (13)
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Theorem 2.4.
If X and Y are jointly distributed according to Equation (8), then the pdf of Z = X/(X +Y) is given by

for

Proof.  Consider the transformation: (X, Y) — (R, Z) = (

Note that the jacobian of transformation is r, for simplicity, we write

fz(z;0,7,p) =72 | (1 + p)z_(Tz'H)(l — Z)TQ_IB(QT, 2)2F1 (27’7 T+ 1;214+2;1 — (

—(72+1) 2.1
— 2pz 1-2) B(37,2)oF1 | 37,7+ 1;37 4+ 2;1 — (
— 202701 = )P B(37,2)0 (37, 27 +1;37 +2;1 — (

Fapz T = )2 T B(4r, 2)0 Fy (47, o7 + 147 + 21 — (

0<z< 1.

X+Y, ¥y

fr.z(r,20,T;p) = f2(20,7; p)

0.0025 /
/
0.0020 /
/
/
0.0015 /
=6
""" =4
0.0010 ——1=2
0.0005
/
e
0
0.5 LS 25 3
w
17 l
14% 10 |
|
1.2x 1017 |
|
% 1017
1.x10 |
|
$.x 10° |
—6=6
[..... 0=4
e
4.x10'6 II
|
2.%10'6 |
I
0 /
0.5 1.5 25 3
w
1—2 T>
1-— )T)
) a7)
1 z)T)}
) so that
(18)
(19)

fz(z;0,7p) = (1+p)¥(1,1) — 2pW(2,1) — 2p¥(1,2) + 4p¥(2,2)
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where U(h, k), for h,k € {1,2} is defined as follows
oo +\ —(hT+1)
U(h, k) = (72)227(1+7)(1 _ Z)7(1+T>927/ Th‘f'2+k7'271 <TT + (Z) )
0

(T GE)) e

Substituting u = z”, the integral ¥(h, k) can be written as

b— oo z

b = —(hT+1)
\If(h, k’) _ TBZ—(1+7)(1 )_(1+7)927 . lim uhT+kT—l (U + (0) >
0

0 - —(kT+1) (20)
(u + (1 - z) ) du
By Lemma 1.2, Equation (20) reduces to
W(h, k) =12 FT (1 = P 1B (hr 4k, 2)
F1<h7'—|—k7',k7'+ 1, hrt + k7 + 25 (1 7Z)T)
z
Thus, the integral in Equation (19), can be simplified as follows:
M W(1,1) =721 = )7 B(2r,2) o (2T,T F12r 421 - ) )
@) 0(2,1) =71~ )7 B(3r,2) oF (37, T4+ 137+ 21 — ) )
z
_ _ 1—2z\7
(3)W(1,2) = 32~ (1 — )2 1B(3r,2) LR (37‘ 27+ 1;37 +2;1 — ( - Z) >
1— T
() W(2,2) = 7571 ) 1 B4r,2) LR (47 27 + 1347 + 2,1 — ( - Z) )
And by substituting the result of (1)-(4) to Equation (19), the results follow. O

Figure 4 shows the graph of Equation (17) for p = 0.5. Each plot contains three curves corresponding to selected

values of 7. The effect of the parameters is evident. Note that ( is between 0 and 1. The graph shows the

X _
X+Y

domain on [0, 1].

3. Moments

Here we derive the of V = XY, Z =
(8).

X1V and W = % when X and Y are distributed according to Equation

Theorem 3.1.
If X and Y are jointly distributed according to Equation (8), then the (a,b)-th product moment of X and Y is
given by
/ _ patbpfy @ b\ [D(r+ (7 + 2)
s (X.¥) =070 (1= )01 )[ 2 ()

: T Pt B Tt (1)
”(F(;;);) B F(IQ“;;)T)) (F(F(t)T) - F(i(;f)ﬂ
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Figure 4. Graph of the pdf in (17)
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where the real numbers a and b are such that maz{a,b} <7 and -1 < p < 1.
Proof. By definition, the {a,b}-th moment of fx y(z,y;0,7;p) is
Fabip(X,Y) :/ / =y’ fx.v («,y; 0, 7; p)dxdy
o Jo
[ 2/x 2 o 20y 72
:/ T (i) 1w”dx~/ T (Z) +1ybdy
o L+ (5" o Y+ (G
2(x 2 2/x 72 T\T T
[ < i
1+ (5)7]" 1+ (5)7] 1+(3)
2 22 - -
[ (e PO (LY,
o \y+ (@) [+ N1+ (5)7
For simplicity, we write
Hop(XY) = 0(1) - (1) + [ (¥(1) — 20(2)) - (@(1) - 20(2)) ] (22)

where W(h) and ®(h), for h € {1,2} is defined as follows

0 T
W0 = [ Sy w900 = [ S

Substituting w = 2", the integral ¥(h) can be written as

b
U(h) =767 lim [ "7y o7) "Ry

b—oo Jq

= T@T[(QT)(‘Z/T)*lB(hT_"_ %71_ g)]

70°T (hr+ 2)r(1- )

hrT(h1)
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Similarly,
oo 7.2(g)h72 T@bf(hT + 3)1“(1 - g)
®(h) = / 0 by = .
o yll+(F)]rHt htD'(h7)
Then, the last equality follows directly from (22) and substituting the results which completes the proof. O

At this point we can now easily derive the raw moments of the random variables V = XY, W = X/Y and

zZ =X/ (X + Y) when X and Y are jointly distributed according to (8) .

Theorem 3.2.
If X and Y are jointly distributed according to (8) then a-th raw moment of V.= XY is given by

, e an [T (7+ 2 P(r+2) T(2r4+2)\2
“W””Zglﬂ@*?){ &w>)+p((nﬂ)(nwo))} (23)

Proof.  Observed that
u;;p(v) - E(V“) - E((XY)“) - E(X“Y“).
By putting b = a in Equations (21) then result follows directly. O

Theorem 3.3.
If X and Y are jointly distributed according to (8) then the a-th raw moment of W = X/Y is given by

#;;p(W) = F(l — g)F(l + %) [w

T I2(7) (24)
Dr+2) T@r+2)\(Dr-2) Ter-2)
(S~ ren) (e e )
Proof. Note that
0) < (7)< 5((5)') - (),
Hence, by putting b = —a in (21) then the result follows. O
Theorem 3.4.
If X and Y are jointly distributed according to (8) then the a-th raw moment of Z = X+v is given by
wan(2) = (7L 0t (1= d k(i )
k=0
F(r+%+k)r(7— Ti)+k)
I'2(7) 2
r(r+2+k) T(2r+2+k)
+o( T T2 )
r(r—2+k) r(2r—2+k)
( r(7) B I'(27) )

11
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Proof.  Observe that ,

L k=0 k
[ [a—1+k o/ X\ atk
P> “4(¥)
L k=0 k
(> [a—1+k
=E|Y (-1)fwet ’“]
L k=0 k
X [a—1+4+k
_ Z _1*E Wa+k:|
k=0 k
The result follows directly by adding k to a in Equations (24). O

4. Conclusion

One of the most significant challenges is determining distributions of functions of random variables since it has
multiple applications in many fields, including quantitative risk management, econometric modeling, and environ-
mental modeling. However, most studies only look at the independence structures of select typical distributions of
random variables. There have been few works on finding distributions for statistical models based on dependency
structures. However, to the best of our knowledge, no one has explored finding distribution functions of the
product and quotient of inverse paralogistic random variables using copulas.

Thus, to bridge the gap in the literature, in this paper, we have derived the probability density functions of the
product and quotient of two random variables both having Inverse Paralogistic distribution. We also derived
each corresponding rth raw moment. These moments are useful in the estimation of products or quotients of X
and Y. Regardless of the application setting of random variables, the results are expressed in terms of beta and
hypergeometric functions. Hence, one can implement a code as these special functions are readily available in

most common software.

Competing Interests

The authors has no conflicts of interest.



Marvin G. Pizon , Jayrold P. Arcede

Acknowledgements

The authors would like to express their thanks to the editor and anonymous reviewers for carefully reading and

helpful comments on the paper.

References

[1] Arcede, J. P., Macalos, M. O., On the Distribution of the Sums, Products and Quotient of Lomax Distributed
Random Variables Based on FGM Copula, Annals of Studies in Science and Humanities, 1 (2016), 2, 60-74.

[2] Balakrishnan, N., Lai, C.D., Continuous Bivariate Distributions, New York, Springer Science and Business
Media, 2009

[3] Coelho, C.A., Mexia, J.T., On the Distribution of the Product and Ratio of Independent Gener-
alized Gamma-Ratio Random Variables, The Indian Journal of Statistics, 69 (2007), 2, 221-255,
https://www.jstor.org/stable/25664553

[4] Macalos, M. O., Arcede, J. P., On the Distribution of the Sums, Products and Quotient of Singh-Maddala
Distributed Random Variables Based on FGM Copula, Matimyas Matematika, 38 (2015), 1-2, 1-16.

[5] Mcneil, A., Frey, R., Embrechts, P., Quantitative Risk Management, Princeton University Press, New Jersey.

[6] Morgenstern, D., Einfache Beispiele Zweidimensionaler Verteilungen, Mitteilingsblatt fur Mathematische
Statistik. 8, 234-235.

[7] Nadarajah, S., Sums, Products, and Ratios for the Bivariate Gumbel Distribution, Mathematical and Com-
puter Modelling, 42 (2005), 5, 499-518, https://doi.org/10.1016/j.mcm.2005.02.003.

[8] Nadarajah, S., Espejo, M. R., Sums, Products, and Ratios for the Generalized Bivariate Pareto Distribution,
Kodai Mathematical Journal, 29 (2006), 1, 72-83, https://doi.org/10.2996/km;j/1143122388.

[9] Nadarajah, S., Kotz, S., On the Convolution of Pareto and Gamma Distributions. Computer Networks, 51
(2007), 12, 3650-3654, https://doi.org/10.1016/j.comnet.2007.03.003.

[10] Nelsen, R.B., Properties and Applications of Copulas: A brief survey, In Proceedings of the First Brazilian
Conference on Statistical Modeling in Insurance and Finance, University Press USP: Sao Paulo, (2003), 10-28.

[11] Patton, A., Copula Methods for Forecasting Multivarate Times Series, In Handbook of Economic Forecasting,
(2012), 2, Springer Verlog.

[12] Pizon, M.G., Arcede, J.P., On the Distribution of the Products and Quotient of Inverse Burr Distributed
Random Variables Based on FGM Copula, Journal of Higher Education Research Disciplines. 3 (2018),2,
53-56.

[13] Pizon, M.G., Paluga, R.N.; (R1510) A Special Case of Rodriguez-Lallena and Ubeda-Flores Copula Based on
Ruschendorf Method, Applications and Applied Mathematics: An International Journal (AAM), 17 (2022),
1, 18-32.

[14] Rohatgi, V.K., Saleh, A.M.E., An introduction to Probability and Statistics. John Wiley & Sons, 2015.

13



14

Product and quotient of inverse paralogistic distribution generated based on Farlie-Gumbel-Morgenstern (FGM) Copula

[15] Salvadori, G., Michele C.D., Kottegoda, N., Rosso, R., Extremes in Nature: An Approach Using Copulas,
56, Springer Science and Business Media, 2006.

[16] Schmidt, T., Coping with Copulas, Copulas-From Theory to Application in Finance, 3(2007), 1-34.

[17] Sklar, M., Fonctions de r ‘e Partition ‘a n Dimensions et Leurs Marges. Universit “e Paris, 8 (1959), 229-231.

[18] Trivedi, P.K., Zimmer, D. M., Copula Modeling: An Introduction for Practitioners, Now Publishers Inc, 2007.



	Introduction 
	Probability Density Functions
	Moments
	Conclusion
	Competing Interests
	Acknowledgements
	References

