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1. Introduction

The study of convex functions offered provoking results in multiple areas of mathematics e.g, mathematical
economics, linear programming, optimization, dynamic systems and control theory. Nowadays, different kinds of
integral inequalities concerning convex functions and their generalizations are getting attention of researchers to

work on. More information can be found in the references [3-7, 15, 16, 19].

Definition 1.1.
A mapping F': I C R — R is known to be convex, if

F(lr + (1—0)s) < CF(r) + (1 — O)F(s) (1)

If Vrsel, Le]|0,1]
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Famous inequality derived by J.Hadamard [9] in 1881 is known as Hermite-Hadamard Inequality. Let F : I C

R — R, be a convex function if r,s € I and r < s, then

/ Py < FOEFE) @)

r+s)§ 1
2

F( 2 s—r

S. Varosanec [26] presented the notion of h—convex functions.

Definition 1.2.
Let h : J C R be non negative function and h # 0. A non negative function F : I = [r,s] — R is known to be
h-convex, if for all £ € [0, 1].

Flr+ (1 —20)s) <h(l)F(r)+ h(1 —0)F(s) 3)

In [12] Kashuri et al defined approximately h-convex function. Consider (X, ||.||7) be a normed quasi linear space,
and [ is nonempty convex subset of X,d: X x X — R.

Definition 1.3.

Consider h : [0,1] — R be non negative function and h # 0. A function F : I — R is called to be approximately

h-convex, if
Flr+(1—4£)s) <h(O)F(r)+ h(1 —0)F(s) +d(r,s) (4)

holds for all £ € (0,1) and r,s € I

Sarikaya and Ertugral in [17] presented the left-sided and right-sided generalized fractional integral operators, as:

_ [e(=0 ,
150 = [ EEd P, > 5)
S_JWF():/S%:))F(@M, <s ()

Hadamard inequality for the generalized fractional integral operators is established by Sarikaya and Ertugral in

[17).

Theorem 1.1.
Let F : [r,s] = R be a convex function on [r,s|, with r < s, then for fractional integral operators the following
inequality holds:

r+s 1 F(r) + F(s)
P57 < 2A(1) ™

: [+ I F(s) + - LF(r) < =2

where the mapping A(z) : [0,1] — R is given by

_ [ el(s=1)0)
AQ ._/Ofdﬁ (8)

Kashuri et al. [11], established inequalities of Hermite Hadamard type for approximately h-convex functions

involving generalized fractional integrals.
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Theorem 1.2.
Let F : [r,s] — R be an approzimately h-convex on [r,s] , with r < s. Then for generalized fractional integrals
the following inequality holds:

1 r+s
2h(l)F( 2 )_A _QA( )[r+1 e F(s) + -1, F(7)]

<[F7')+F 1/ =19 10y + h(1 — 0)de + d(r, 5)

where,

We now discuss some preliminaries of local fractional calculus theory introduced by Yang in [28, 29]. These
concepts and consequences are linked with fractal order derivatives and integrals.

If ri,r5,75 € R* (0 <¢<1), then
e ri+r5 € R, riry € R,
o 1S rs =1 = ()" = (2 k)
o 1 (5 75) = () 7,
o rirs = r5r] = (rira)® = (ram)",
o 13(05r) = (rirs)rs,
o 1505 +75) = rirs + 1375,
e r{+0°=0"+r] =r],and ri1° = 1°r] =1}
o If r] <135, then r{ +r3 < r5 + 173,
o If 0° < r],0° < r5, then 0° < rj.rs,
Local fractional derivative and integral on R® are defined as,

Definition 1.4.
([28, 29]) A non-differentiable function F': R — R*,y — F(y) is local fractional continuous at y,, if for any € > 0,
there exists § > 0 such that

|F(y) = Fyo)| <€

holds |y — yo| < 9, with €, € R. If F(y) is local continuous on (c,d), and we donate F(y) € C,(c,d) .

Definition 1.5.
([28, 29]) Local fractional derivative of the function F(y) of order ¢ at y = y, can be defined as

d“F(y) _ i LAFOFE () — Fy)
des y=yo (Y= 9)

Y=Yo

F(g)(yo) =



Integral inequalities for generalized approximately h-convex functions on fractal sets via generalized local fractional integrals

(n41)times
K+1 ‘ '
De(b,c) is ¢-local derivative set. If there exists F((5t1)(y) = Ds..D§ F(y) for any y € I C R, we denote
F € Dini1ye(I), and n =0,1,2, ...

Definition 1.6.
([28, 29]) Let F(y) € C[c,d]. Local fractional integral of F'(w) can be defined by

N—-1

JEPO) = sy L FO@ = s Jim, > Fltsn

Where ¢ = £y < £1 < ... < In-1 < Iy = d, [(f,fjurl] is partition of [C,d]7 Aly = Alpy — A, AL =
maz{lo, l1...4nN—1}.

Note that IS F(y) = 0 and I;F(y) = —qlS F(y) if ¢ < d. We denote F(y) € I;[c,d] if there exists, I, F'(y) for any
€ [b,q].

Lemma 1.1.

(128, 29])

1. Let g(y) = £9(y) € Cc[e,d], then
vI2g(y) = f(d) — fl)

2. Let g(y), f(y) € D<le,d] and g (y), £ (y) € Cc[b, c], then

b1Sg(y)f) (y) = 15 — o129 () ().
Lemma 1.2.
([28, 29])
dy*  T(1+sc) (s=1)c.
dus — T(1+ (s— 1)) '
1 ¢ e I'(1+ s¢) (s41)s  (s+1)s
_— du) = ———2__(d — 0
e, = T g R

Lemma 1.3.

(28, 29])
S1S _ (di C)g
olel = L(1+)

Lemma 1.4.
(([28, 29]) (Generalized Hélder’s inequality) Let p, ¢ > 1 with p~* + ¢~' = 1, let g(w), {w) € C<lc,d] ,Then

) el < (s [low @) (F(glﬂ) /1 f(y)|q(dy)‘>;
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Recall generalized beta function:

1 1
— (y—=Ds/q _ p\(z=1)s 3
B (y,x) = ) /0 L (1-20) (do)*, y>0,z>0 (9)

Local fractional theory has solid applications in control theory, communication engineering, random walk process
and Physics [1, 13, 27, 30]. Many researchers studied various types of integral inequalities for generalized definitions
of convexity on fractal sets.[2, 8, 10, 14, 18]. Wenbing Sun established various types of Integral inequalities for
different generalizations of convex functions in fractal theory [20-25]. According to our knowledge the study of
approximately h—convex functions has not been carried out in fractal domain. In this research paper we study
the concept of generalized approximately h—convex functions on fractal sets, we also present a novel fractional

integral operator on fractal sets through which we establish generalized local fractional integral inequalities.

2. Main Results

We define a function ¢g : [0, 00) — [0, co0) satisfying the following condition, if for X, Y, Z° > 0 and independence

of a*,b° >0

r'l+g) £s
TS LK o <y
w;(;f) <vs w;ﬂlf) for ¥ <af
90;(22‘) B soz(f) < 7 b‘|“’<(2‘i ) for &< ; <o
Now we define generalized local fractional integral operators,
LISF() = F(11+<) / “’ES)EfF(e)(dz)a > (10)
ISF() = F(11+<) / %0&(53‘1:(@)(614)2 <s (11)

Definition 2.1.
Suppose h : J — R be non negative function and h°* # 0. A function F : I — R°(0 < ¢ < 1) be ¢ order fractal
dimensional. If F' be non-negative (F' > 0°) and for r,s € I and ¢ € (0, 1), then

Flr+ (1 —-20)s) <hO)F(r)+h* (1 —=£L)F(s)+d°(r,s) (12)
is called to be generalized approximately h-convex function on fractal sets.

Remark 2.1.

If h*(¢) = £, the generalized approximately h-convex function turned into generalized approximately convex
function. If h*(¢) = £5(1—£)°, h*(£) =1, h*(¢) =£°° , the generalized approximately h- convex function turned
into generalized approximately tgs-convex function, generalized approximately P-convex function, generalized
approximately s-convex function respectively.
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Theorem 2.1.

Let F : [r,s] = R® and F() € I°[r,s] be an approzimately h-convex on [r,s] , with 0 < r < s.

generalized local fractional integrals inequalities hold:

zghf(%)p(’"‘;s) Bi< o A{( SR S F )+ o L)
< [F(;)Afg)(sﬂ s /1 2l DO s (0) 4 11— D))" + ()
where,
B AT S . Sy TOT @

Proof. As F is generalized approximately h-convex function, so we have following inequality

F(M20) < B IR + )]+ d*(w,v)

Taking u = fr+ (1 —€)sand v =4s+ (1 — )r

#%)F (" ; *) < Ptr+(1-0)s)

Fls+(1—-0r)+ d(lr + (1 = £)s, bs + (1 — O)r)

1
hs(3)
: : : : ((s=m)0)
Multiply both sides of above inequality by %

we have

h<](L )F(TH 1+< /0 = dz)

1 ! so((S —r)f) s
] /O F(ls + (1 — £)v)(de)

1 L o((s =)0 s b5+ (1 — O\ (do)
1+§)/ d(lr + (1 — 0)s, s + (1 — £)r)(de)

MO 0

N

As a consequence, we get

1 r+s 1 . i
2<h<(§)F( B seneq) e (8) + o Lo ()]

1 3 90<(S—)< . B .
+2<A‘(1)h<(%)r(1+<)/r oy 4Gt

we get the proof of right hand side of the inequality.

To prove left hand side of the inequality, since I is approximately h-convex, we have

F(lr + (1= 0)s) + F(ls + (1 — 0O)v) < [F(r) + F(s)][h(£) + hS (1 — 0)] + 2°d° (r, s)

Then following

(13)

and integrate local fractionally with respect to £ over [0, 1],
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Multiply both sides of inequality by M and integrating local fractionally with respect to £ over [0, 1], we

have,
1 ! (p((s - T)e) S
F(1+§)/O 7 Flu+ (1 —20)v)(de)* +
1 ! o((s = 1)) < S 3 ! @((5 —7){) 3
F(1+<)/o D E e+ (1 - (o) +2d(r7s)r(1+g)/0 10 ary
< [F(r) + F(s)] r(11+ 3 /O e((s - "0 (S (6) + B (1 — £))(de)* + 250 (r, $)AS(1)

As a result, we get

1 < <
m[r+I¢F(3) + o= 1o F(7)]

< RO ROL [l 20 e ) 4 b1 - )@y + ()

Corollary 2.1.
If o(£) = £° then following inequality holds

1 r+s 1 < .
2ghg(%)F( ) -Bi< 575 el LF @ - IF)

_[F0) +F(s)] 1
= 2 I(1+¢

)/O (B (€) + hS(1 — 0)](d0)° +

where,

Bl' 1

= 2ghg(%)r(1+g)(57’r')§/r d§(”r—|—8—)(d)<.

Corollary 2.2.

If h(£) = £° in above inequality then following inequality holds

2<h1(%)F () i<

1 < <
S m[ﬁf F(s) + - I°F(r)]
I(l1+¢) ds(r, s)

<IFO) POl 50 * (5o

Corollary 2.3.
If h(€) = €5 (1 — £)° in above inequality then following inequality holds

1 r+s 1 . .
2§h§(%)F( 5 )*Bl < m[r+1 F(s)+ ,~I°F(r)]

S[F(r) + F(9)]5(2,2) +

Corollary 2.4.
If h(€) = 1° in above inequality then following inequality holds

1 r+s 1 c .
QChC(%)F( D) )_Blﬁm[TJrI F(s)+ - I°F(r)]

_FW+FE) | &)
- T(1+4y) (s—r)s
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Corollary 2.5.
If h(£) = £°° in above inequality then following inequality holds

Theorem 2.2.
Let F : [r,s] = R® and F() € I°[r,s] be an approzimately h-convezr on [r,s| , with 0 < r < s. Then following
generalized local fractional integrals inequalities hold:

[r*I;F(S) + s*[;F(r)}

1 r+s 1
—By< —
2<hs (1) ( 2 ) 2= 2985 (1)

[F(r) + F(s)] 1 ! w((s=m)0)° o L 24 < S
< s [ S G e + @)

where,

L 1 s QOg(Sf)g Sra g .
B s R T+ ) / 5oy ¢ brFe))r.

Proof. As F is generalized approximately h-convex function, so we have following inequality

F(ME0) < B IR + F)] + d*(,v) (14)

Taking u = £r + @595 and v = £s + 352

() e (G 2500)

F (§+ V";%) T hge)d(gw G0, Loy %%)

Multiply both sides of the inequality by M and integrating local fractionally with respect to ¢ over [0, 1],

we obtain

h<1 )F(T;S> r(11+<)/0 W((SZT)Z)(CM){

< F2(11+§) /01 ells - N0 p <§r + (250 s) (d) + F(ll /01 (s =)0 1. (fH M,) (do)°

! Lo((s=m)0) (€ (2=0 £ (2-20) .
+h<(%)l—‘(l—|—g)/0 7 d(*“r 558+ r)) (de)

As a consequence, we get

1 r+s 1
F(57) < graeqay e BoF () & g LF (0]

A G N TR
AR (I +9) /() (50 CGrts)@”.
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we proved the right hand side of the inequality.

To prove left hand side of the inequality, since F' is approximately h-convex, we have

P (fr L Clnl)) s) 4 F (ﬂ n Mr> < [F(r) + F(s)] {hg (g) e (%’E)] +25d5(r, 8)

2 2 2° 2

Multiplying both sides of inequality by M and integrating local fractionally with respect to £ over [0, 1], we

obtain

L els=n0 (L 2=0 N e
F(1+§)/0 7 F(§r+ 5 s)(df)

1 Yolls—m)0) (¢, (20 ¢ oe 1 Yo((s=1)8) e
+F(1+§)/o - F(§s+ - r)(d£)+2d(r,s)l_‘(1+g)/0 9 (ar)

< [F(r)+ F(s)]mlﬂ) /01 w((s . r)b) [if (g) e <QT‘£)} (dO)° + 255 (1, 5)AS(1)

As a result, we get

1

<D [ 22 e (o (5

Corollary 2.6.
If () = £° then following inequality holds

1 r+s 1
F( ) =By € oo [raa TP (8) + (o) I°F(7)]

2¢hs(3) 2 = 25(s—r)
<l [ (5 o (5222
where,
B2 = 2<h<(%)I‘(11—|— S)(s—r)s /(r;s) @Gr+ o))

Corollary 2.7.
If h(£) = £° in above inequality then following inequality holds

1 r+s 1
71?( ) =By < oo [(rse) PP (5) + gy PF(7)]

25hs (%) 2 —29(s—r)*
S NE) + F(s)] | d(rs)
- T(l1+y) (s=r)s

Corollary 2.8.
If h(£) = £°(1 — £)° in above inequality then following inequality holds

1 r+s 1 < <
2<h<(%)F( y) B < 3505 =) kg T F() F (oge) - D F()]

B:(2,2) Fl+s)  I'(1+29) d*(r, s)
2 " 4T(1+¢) STA+39] " (s—1)F

< [F(r) + F(s) [
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Corollary 2.9.
If h(£) = 1° in above inequality then following inequality holds

1 r+s 1
7F( )—ng7[<$)+I<F(s)+(%),I§F(r)]

25hs (1) \ 2 2%(s — 1)
S NE() + F(s)] | d(rs)
- T(l+4g) (s—m)

Corollary 2.10.
If h(£) = £°° in above inequality then following inequality holds

1 r+s 1 < S
g (T2) 7B S sl I FO) oy L)

3. Conclusion

This study presented the concept of generalized approximately h-convex function on fractal sets. Involving gen-
eralized local fractional integral operators, we proved some latest generalized local fractional integral inequalities.
Some special cases of novel findings are also established. It is to be expected that the the notion introduced in this
study may open new doors for researchers to work on generalized approximately h-convex function in different

directions.
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