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1. Introduction

After the spread of the Corona pandemic, many mathematicians made models to try to analyze the spread of this
epidemic see ([1],[2],[3],...)-

Recently modeling several chemical and physical phenomena have broadly been carried out using the theory of
Fractional-order Difference Systems (FoDSs). The definitions of the fractional order deference operators arranged
in order in [9] and later the development of the of som properites was done, while stability was studied in the
commensurate order case in [4] and [5] and the incommensurate case in [6] and [7].

In this work, we will study the discret fractional model of one of the models of Covid 19 and the study of existence

and uniqueness, and then we will present condition to ensure the disappearance of the epidemic. We will focus
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here on the following model:

B = A-G+NS@),

= AS(t)— (1—p)w+pp+d+e)E(t),
A= (1-Q)wE(t) — (o1 + 5+ + 7)1 (1),
44— opE (t) — (02 +8) A (1),

(1)
99— qE@M) - (0+m+e)Q(1),
W= 7T(t)+e2Q(t) — (5+n2+c) H (),
9B — o T(t) + 02 A(t) + mQ (t) + moH (t) — SR (t),

G = mal (t) + moA (t) — masM (75)7

where A\ = w + (2 M, (1,9, o is selected to check A < 1 during the time period we are interested in). The

previous system is subject to the following nonnegative initial conditions:

S(0) = So, E(0)=E,, I(0)= I,
A(0) = Ao, Q(0) =Qo, H(0)= Ho,
R(0) = Ro, M(0) = M.

.The biological description of the parameters involved in COVID-19 model (1) is given in (2 and 3).

Variable Description
S(t) Susceptible class
E(¢) Exposed class
1(t) Infected with clinical symptoms
A(t) Asymptomatically infected (2)
Q1) Quarantined class
H(t) Hospitalized
R(t) Recovered

M(t) The environmental viral load due to the infected people
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and
Parameter Description

A Recruitment rate

) Natural death rate

w Incubation period

p Incubation period

o1 Infected recovery rate

o2 Asymptomatic recovery rate

m Quarantined recovery rate

72 Recovery rate of the hospitalized
T Rate of moving from I to H class 3)
€1 Quarantine rate of exposed individuals
€2 Hospitalization rate of Q individuals
S1 Infected disease death rate

S2 Hospitalized disease death rate

G Contact rate

(2 Disease transmission coefficient
mi Viral contribution to M by I class
me Viral contribution to M by A class
ms Removalrate of virus from M

P Transmissibility multiple

This model was studied in the fractional order continuous state in [1]. What interests us here is the following
discrete fractional order case of this system.

In any case, this paper is divided as follows, in section 2 we will mention some initial concepts about fractional
order difference calculus which we will need later in our study and then we will define the system that we will
study, section 3 we study existence and uniqueness of the solution and then set a condition that guarantees the

disappearance of the epidemic, section 4 includes numerical simulations that clarify what been studied.

2. Preliminaries

This section briefly introduces some basic definitions and preliminaries associated with discrete fractional calculus.
Within the definitions below, the function f is defined on the set of the form N, = {a,a + 1,a+ 2, ...}, where

a € R.
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Definition 2.1.

[5] Let o > 0. Then, the o" —fractional sum, A7 %, of a function f : N, — R is defined by:

t—a

ALCf(t) = 7)

HM

(t —s—1)"Vf(s), fort€ Nata, (4)

where I'(.) is the Euler’s gamma function.

Definition 2.2.
[5] Let @ > 0, a ¢ N. Then, the a‘"—order Caputo fractional difference of a function f is defined by:

Camuw:AsnwwvmzrmlMtgfk—s—n@a”awwxternm (5)
where n = [a] + 1.
Proposition 2.1.
[5] Let 0 < a < 1, and f is defined on N,. Then
AL CAS f(t) = f(t) = f(a), VtEN,. (6)

Based on the two previous definitions, the " —order Caputo fractional difference system associate to the system

(1) is written as follows:

CASS ()= A-(+NS(t—1+a),
CAGEM) = AS(t—-14a)—(1—@w+pp+d+e)E(t—1+a),

CATI(t)= (1—@wE({t—1+a)— (o1 +d+a+n)I(Et—1+a),

CASAt)= @pE(t—1+a)—(o2+0)At—1+a), @)
Q)= arB(t—1+a)=(0+m+e)Q(t-1+a),
CA“ Ht)= 1I(t-1+a)+eQ(t—1+a)—(+nt+e)H(Et—-1+a),

oll(t—14a)+0At—1+a)+mQ(t—14+a)+mH(t—1+a)—0R(t—1+a),
CASM(t): mil(t—1+a)+meAt—1+a)—msM(t—1+a),

where 0 < a<1landt e Nj_g,.

Theorem 2.1.

[9] If there exists a positive definite and decrescent scalar function V (t,x) such that

CAR V(¢ x(t) <0, (8)

for all to € N, then the trivial solution of (6) is uniformly stable.
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3. Existence and uniqueness

Now, to show the existence and uniqueness we use fixed point theory and Picard Lindel6f method. To proceed,

we may rewrite the system described in (7) in the following classical form:

CASX () =F((t—140a),X (t—1+a)), o)
X(O) = X07

where t € N?TZX,((Tmax -

1+ a) € N) the vector X (t) = (S(t), E(t), I(t), A(t), Q(t), H(t), R(t), M(¢))* and the
function F'(¢, X (t)) is defined as follows:

Fi(t,8) = A—(@B+NS(),

FBtE)= AS{H) - (1-—p)wtep+d+e)E(),

Fy(t, 1) = (1-@)wE({)—(or+d+a+7)I(t),

Fu(t,A) = ¢pE(t) — (02 4+ 0) A(t), (10)
F5(t,Q)= e1E(t) = (0+m+e2)Q(t),

Fo(t, H) = 7I(t)+e2Q(t) — (6 + 12+ <) H (1),

Fr(t,R) = o1l (t) +02A(t) + mQ(t) + n2H (1) = SR (1),

Fa(t, M) = myI (t) +maA (t) — maM (),

To do so we proceed in the following manner. Using initial conditions (X (0)) and Proposition 3, we transform

the system (7) into the following sum equations:

St —S(0)= A (A—(5+N)S(t—1+a)),

E)—E0)= AT AS(t—14a)—(1—p)w+tep+d+e)E(t—1+a)),

1) = 100) = AL (I-puwE(l-1+a)=(o1+d+a+7)I(t—1+0a)),

Aty —A(0)= AT (ppE(t—14+a)—(c2+0)At—1+a)),

QU —QO)= A (e1iE(t—14+a)—0+m+e)Q(t—1+a)), (11)

H(t)-HO0)= AL, (tI(t-1+a)+eQ(t-14+a)-(0+m+e)H(t-1+a),

R(®) — R(0) = AT (ol (t—14+a)+ 02 At —1+a)+mQ(t—1+a)+mnH(t—-—1+a)
—6R(t—1+a)),

M(t)—M(@O0)= A%, (mil(t—1+0a)+meA(t—14+0a) —msM(t -1+ a)),
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fort € Nfﬁ’ia. Using (10) and the definition of A7 * in (11), we obtained the state variable in terms of F; (¢, X (t)),

where ¢ = 1---6.

The Picard iterations are given by the following equations:

t—a
5(0) + vy 2

t—a
BO)+ iy 2
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R(0) + 1ay (t—s—1) VR (s—14+a,R(s—1+a)).

H(0) + (o 3
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s=l—«
t—a
s=l—«

M(0) + l_‘(la) (t—s—1) V(s —14+a, M(s—1+a)).

S(0) + r(la) (t—s—1)C VR (s—1+aSu(s —14a)),
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R(0) + (5 (t—s—1) VR (s—1+a,Ru(s—1+a)).

w
N
o]

M(O)—i—ﬁ (t—s—1) V(s —14+a, My(s — 1+ a)).

@
Il
—
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Q

S (t—s—1)C VR (s —14+aS(s—1+a)),
(t—s—1)C"VR(s—1+a E(s—1+a)),
(t—s—1DC VR —14+a,I(s—1+a)),

(t—s—1)"VFE(s—14a A(s — 1+ a)),
(t—s—1)C V(s —1+a,Q(s—1+a)),

(t—s—1) " VE(s—1+a,H(s—1+a)),

(t—s—1) VR (s—1+a,En(s—140a)),
(t—s—1DCVER(s—14+a,I(s—1+0a)),
(t—s—1)"VE(s—1+a,Au(s — 1+ a)),

(t—s—1) V(s — 14+, Qun(s —1+0a)),

t € NTmax,

j et

Tmax
t € NTmax

Corresponding to the form (12), and with the initial condition we have the following sum equation:

Lemma 3.1.

The function F(t, X (t)) defined in (10) satisfies the Lipschitz condition given by

where

B:max{

X(0) +

t—

b
I(a)

=l—«

I1E(t, X(t) — F(t X)) < BI(X () = X,

16+ NI (= @)w+@p+d+e)ll, l(or +6+a + 1)
(o2 +0)|I, 11(6 +m 4 e2)[l, 16 + n2 + <2) I, 1811, [l |

«@
(t—s—1)""VFs—1+a,X(s—1+a)). t €N _,.

3

(12)

(13)

(14)
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Proof. Summarizing that S(t) and S*(t) are couple functions, we reach

[F1(t,S) — Fi(t, S7)I| = [I(6 + A) (S(t) — S*()]]- (17)
Taking into account
Br= 6+ NI, (18)
one reaches
F1(¢,8) — Fu(t, S)I| < B [I(S — ST (19)

Continuing in the same way, one gets

[F2(t, E) — Fa(t, EM)| < B2 (B = E7)],
[Fs(t, 1) — Fs(t, I7)[| < Bs||(L —I7)],
[Falt, A) — Fu(t, A7) < Ball(A— A",
[F5(t, Q) — F5(t, Q1) < Ball(Q@ — QI (20)
[ Fo(t, H) — Fs(t, H*)| < B [|(H — H")||,
[F7(t, R) — F7(t, R*)[| < Br|[(R— R,
[ Fs(t, M) — Fs(t, M™)[| < Bs [|((M — M™)|,
where
Ba= (A -@)w+ep+d+e)l,
Bs= lllor+d+a+7)l,
Ba= |llo2+ ),
Bs = I(6+m +e2)ll, (21)
Bs = [I(6+mn2+<)l,
Br = ld]l,
Bs = |Ima]|.

From (19-20), we find that the kernels F;, 1 < ¢ < 8 is satisfying the Lipschitz condition, moreover if 3; < 1, for

1 < i < 8 then the kernel F; is contraction. O

Theorem 3.1.
Assuming we have (16), then there exist a unique solution to the system (7) if

B |(Timax — a)("‘) - (1- Oc)<a) < 1. (22)

Proof.  The solution to the system (9) is

X(t) = P(X(1)), (23)
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where, P is the Picard operator defined by
1 t—a
P(X(t)) = X(0) + ) S t-s-1)VF(s—1+0a,X(s—1+a)). (24)
s=l—«
Further, we have

t—a
ﬁ S t—s—DEVFGs—1+a,Xi(s—140a))
s=l—«

[P(X1(t) = P(X2(t))]| =
—F(s—1+4a,Xa(s —1+ ),

t—«
Y (s DO (F(s— 14+, Xa(s — 1+ a))

s=l—a

—F(s =14 a,Xa(s — 1+ ), (25)

IN

t—a

ﬁ( > (tfsfl)("‘_l)) max |[(F(s—14+a,Xi(s—1+4+a))

t—o
s=l—«a sENy

IA

—F(s—14+a,Xa(s—1+ ),

(@) _(1—q)(e)
i) =020 5 (34 (1) — Xa(8)]]

IA

(@) _(1—q) (@)
Since, %ﬁ < 1, (t € Tmax) then, the operator P is a contraction, hence the system (9) has a
unique solution in £°°. O

To evaluate the equilibrium let:

CAFS(t+1—a) =¢ AFE(t+1—a) =¢ AfI(t+1—-a) =9 AJA(t+1—-a) =° AFQ(t+1—-a) =¢
ASH(t+1—0a)=" AgR(t+1—0a) =" AM (t + 1 — a) = 0. System (7) become:

A= (5+N)S(t) =0,

AS(t) — (I —p)w+pp+d+e)E(t) =0,

(1= Q) wE(t) = (o1 + 6+ +7)I(t) =0,
epE () — (02 +6) A(t) =0,

(26)
aE({t)—(0+m+e2)Q() =0,
TI(t) +e2Q () — (6 +m2 + ) H(t) =0,
o1l (t) + o2A(t) + mQ (t) + n2H (t) — R (t) = 0,
mal (t) + moA (t) — msM (t) =0,
For which we get the DFE as follows:
A
(50’0707070’07070):(37070’0707070’0)' (27)
The basic reproduction number Ry is given by ([1]):
R() _ k15m3C1g0p1/) +4 kgémgglw — kQCQQDwA’n’h + lengpAmg + kQCQUJAml — /ﬂ25<1g0wm3 (28)

k0k1k2m35 kok‘lkgmgcs
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where

ko=(1—pw+pp+6+e,

ki=o01+6+q +7,

ko = 02 + 6, (29)
ks =0 +m + e,

ka=094+m2 + <.

Theorem 3.2.
If
Ro < 1, (30)

then the COVID-19 free equilibrium (So,0,0,0,0) is globally asymptotically stable.

Proof. Lyapunov function is commonly used to prove the global stability of the Disease Free Equilibrium of [7].

Taking in consideration the formed Lyapunov function of the type:

L(t) = 01E + 021 + 05 A+ 04 M. (31)
According to [1], if
91 = m35, 02 = %ﬁml@, 93 = m31/15C1 + AmQCQkQ, 01 = ACQ (32)
then
CASL(t) < komsd(Ro—1)E, (33)
Then L(t) negative defined if Ry < 1. According to Theorem 3 the pandemic will disappear. O

4. Numerical simulation

In this section we will perform numerical simulations to verify the results mentioned in the previous section. We

take a population (N (0)) of 7315, divided as follows:

5(0) = 4000, E(0) = 3000, I(0) = 40,
A(0) =10, Q(0)
R(0) = 100, M(0) = 140.

18, H(0) =T,

And let:
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p=0.4.

A =0.0038; 1 = 0.0006715; <2 = 0.0006715; ¢ = 0.0005856;
§ =0.000612; 7 = 0.0006052; (1 = 0.15;
w=0.00129; 7 =0.00003061; (> = 0.00144;
p = 0.00001305; &; = 0.00024; m; = 0.000216;
o1 =0.0005253; £2 = 0.00003; m2 = 0.000228;

o2 = 0.000386; ¢1 = 0.000222;
The following is a numerical simulation of the total number

some paramet ers:

3000

ma = 0.0002276;

of infection in several alpha cases and by changing

T T T T T T T
*  alpha=0.2
* alpha=0.5
* alpha=0.8
RS —_—
LRk kg
R *x
** *»
2500 ¥ *
*
H
*
»
*
*
*
*
*
2000 * —
M
*
* *
* x
* yxr*
* L x**
» *
3 * ax*
< 1500 * ¥ —
3 % e
* ***
* ¥
* ¥
*
* o
* o F
* .
* |
1000 * §*
* i *
* x ¥
* x ¥
* $ X7 ek xR
* $EX ke
* FXT L e R Rk
* #EF
* **T 0 kR kX
* * ¥ * ¥ ¥
500 % FE R gk —
. LA
L i et E
* L *F *,‘*“’J
«t* ¥ *FT s ¥F
* o H* e xFFEF
gpErTReer”
x % % ¥
* 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

time

Figure 1.

A numerical simulation of the previous example.

It can be seen that the fractional order does not change the behavior of the epidemic, but it gives us more

flexibility to describe the spread of the disease.

5. CONCLUSIONS

In this papere, a discrete fractional order Covid-19 model is studied and some results of existence and global

stability are given by using an appropriate Lyapunov function to ensure the disappearance of the disease in

comfortable conditions.
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12000 — —

10000 — PR

8000 * . —

I+A+H

P
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6000 *og g LR,
s,
4000 N *

2000(— - * * —

time

Figure 2. A numerical simulation of the previous example by placing =0.129.
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